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Abstract

Number sieves are special-purpose devices used for solving certain problems in computa-
tional number theory. In this thesis we give a brief history of number sieves. We describe
a single-chip sieve device, called the Scalable Sieve Unit (SSU), which has been used to
implement a parallel sieving device, called the Manitoba Scalable Sieve Unit (MSSU).
The MSSU achieves sieving rates at least an order of magnitude greater than those of
previous sieves through the use of parallelism and a tightly-coupled dedicated control
processor. We discuss the design of the hardware and software components which make

up the MSSU sieving system.

A number of applications of sieving are described, including many recent results ob-
tained using MSSU. Some results on problems of quadratic character are presented, ex-
tending results of Lehmer, Lehmer and Shanks. The list of known pseudosquare values
is extended, and some evidence is presented which suggests that the growth of this se-
quence is sufficiently rapid to ensure that primality testing can be performed in determin-
istic polynomial time. New results are presented with regard to quadratic polynomials
with high asymptotic densities of prime values. We also extend the numerical inves-
tigation of Shanks on Littlewood’s bounds on the Dirichlet L-function L(1,x). Some
results on other problems are presented, including a search for a successor to Euler’s fa-
mous prime-producing polynomial, further computations of the Erdds-Selfridge function,

a new pseudocube value, and computation of pseudopowers for bases 2, 3, 5 and 7.

A new method of employing parallel sieves is described which we call multi-variable
sieving. We use this method on the MSSU to find three new solutions to the sums of
three cubes problem, finding representations of the integers 110, 435 and 478 as the sum

of three integer cubes.

An investigation into Waring’s problem for cubes presents new evidence to suggest
that all numbers are representable as sums of four positive or negative cubes, and that all
numbers greater than approximately 103 can be represented as the sum of four positive

cubes.
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Chapter 1

Introduction

1.1 The sieve problem

Consider the simple problem of determining L7, where Ly is the least positive non-square

integer such that

Ly
Ly
L
Ly

The solution of this problem is L,

il

i

1 (mod 8),
1 (mod 3),
1 or 4 (mod 5),

1,2 or 4 (mod 7).

1009. This is a solution, for the primes less than

or equal to 7, to an important problem in number theory known as the pseudosquares

problem. Later, in chapter 6, we shall discuss this problem in detail.

This problem is also an instance of a much larger problem known as the Generalized

Sieving Problem (GSP), in which we are given:
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1. bounds A, B with B > A4;

2. k moduli mq,my,ma,..., my (m; >1,i= 1,2,3,...,k) which we usually assume

are relatively prime in pairs;

3. k sets of acceptable residues R; = {rijl0<rij<m} 6=1,2,3,.. k).

We are then to determine all # € Z such that
A<z< B

and

r (mod m;) € R; (i=1,2,3,...,k).

Some problems may place further restrictions on z in addition to satisfying this set
of linear congruences; in our example we want z to not be a perfect square. Other
possibilities include restricting z to prime values, values for which 2 — N is a perfect
square, or just about any other mathematical condition. The process of searching for
values of = satisfying such additional restrictions is called filtering and is considered a

problem apart from the GSP itself.

We call this a sieve problem because each successive modulus m; can be regarded
as acting like an ordinary kitchen sieve with an increasingly finer mesh, thereby further
restricting the possible solutions to the problem. Notice that the well known sieve of
Eratosthenes for finding primes is an instance of the GSP. In this case, if we have B =
P + 1 where py is the kth prime, we see that the problem of finding all the primes
between A and B is that of solving the GSP for m; = p; and R; = {1,2,3,...,p; — 1}
(1=1,2,3,...,k).

Patterson [Pat91b] has shown that, when translated into a decision problem, the GSP
is NP-complete and is therefore likely to be a very difficult problem in general. Certainly,
there is no efficient method known for solving the GSP. The best methods that are
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currently available involve the construction of mechanisms which automate the process
of searching for solutions. In order to see how such a device might be constructed, we
will now discuss some of the principles of sieve automation. For further information on

this we refer the reader to [Pat91b] and to Stephens and Williams [SW90].

1.2 Principles of Sieve Automation

Consider the problem mentioned at the beginning of this section and observe the tableau

below.
X 01 2 3 4 5 6 7 1009
mod8 X v X X X X X X v
mod3 X v X X v X X v v
mod5 X v X X v X v X v
mod7 X v v X v X X v

For each of the moduli 8, 3, 5, 7 we have put a check mark (v) under the acceptable
residues and a cross (x) under the others. When we find a value of X for which there is
a column consisting only of check marks, this value of X represents a solution candidate
to the problem. In this example, the solution candidate X — 1 is rejected because it
is a perfect square, and it is not until X = 1009 that we find a valid solution. The
difficulty with this approach is that we may have to go a very long way before we find a
solution, particularly if we have many moduli. We can solve this problem by noting that
each row of the tableau exhibits a cyclic pattern corresponding to the list of acceptable
and non-acceptable residue classes for its associated modulus, information that can be
compressed by the expedient of recording the results for each modulus only once. Any
column of the original table can be generated by shifting each of the rows to the left in
order to advance the appropriate set of residues to the first column, the leftmost residue
wrapping around to the rightmost end. In general, then, column t can be obtained by

performing ¢ of these shift operations.



CHAPTER 1. INTRODUCTION 4

To see how a machine that performs this sieving operation can be fabricated, we
note that each modulus m; can be represented by a loop or ring which is divided into
m; positions. Those positions that represent acceptable residues are tagged in some
manner to differentiate them from non-acceptable residues, and the machine examines
one position from each ring at a fixed location called a window or tap. The rings are
advanced in unison and a solution is detected when the window is filled exclusively with
tags identifying the residues as being acceptable for all the rings of interest. A trial counter
records the number of shifts performed by the machine. Thus, the machine can be set
up to start searching from some point N by setting the 7*® ring such that N (mod m;) is
in the window when the mechanism is turned on; after s shifts the value being tested is

N + 5. A device of this type is called a number sieve or, frequently, just a sieve.

1.3 Some Terms and Measures

Before we can continue in our discussion of sieve devices, it is important to define some

terms and measures which will aid our discussion.

1.3.1 Basic Components of a Sieve Device

Inherent in the design of all sieve devices are three basic components: the characteristic
vector generator (CVG), a solution detector, and a trial counter. The CVG corresponds
to the rings discussed above. The purpose of the CV@ is to generate the patterns of
residues corresponding to our sieve problem. Solution taps route residue information from
the CVG to a solution detection mechanism. In most digital logic implementations, the
solution detector is a wide AND-gate having one input per ring. To prevent the counter
value from being out of synchronization with the residue information, the shifting of the

rings is kept in lock-step with incrementing of the trial counter.
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1.3.2 Measuring Sieve Performance

To avoid confusion, we shall define two measures for describing the speed of a sieve device:

Definition 1.3.1 We define the canvass rate of a sieve problem to be the number of
values of x included within a specified sieving range, A < x < B, divided by the number

of seconds required to sieve that range.

Because sieving problems can be subject to various optimizations and transformations
which we will discuss later, we also define a measure of the raw sieving rate of the

underlying sieve hardware in order to make valid comparisons between various devices.

Definition 1.3.2 We define the maximum hardware sieving rate to be the mazimum
number of values tested per second by the solution detection mechanism. This value is

given in terms of trials per second.

1.3.3 Density of Sieve Problems

Clearly, the ratio of acceptable to non-acceptable residues will have an effect on the
solution rate of a given sieve problem. Often, it is useful to define some measure of the
density of a sieve problem, and for this it is useful to compare the density of a given
problem to that of a quadratic sieve. Although we shall not discuss quadratic sieves until
chapter 6, it suffices to say that the number of acceptable residues per modulus of a
quadratic sieve problem is 1 for modulus 8, and (p; — 1)/2 for the odd primes p; < Dk,
where py is the largest modulus specified by our sieve problem. From this it is very easy

to see that the density of solutions for quadratic sieves is

Lehmer [Leh53, p. 8] and Cantor et al. [CEFT62, p. 151] have used the quadratic

sieve as a benchmark when discussing the solution density of sieving problems, identifying
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problems as being “less than quadratic” or “more than quadratic”. For our purposes we
shall consider the quadratic sieve to be a moderate density sieve problem. We shall call the
extreme of one residue per modulus, equivalent to a Chinese Remainder Theorem (CRT)
type of problem, a sparse sieve problem. At the other extreme, when all but one residue
per modulus is acceptable, as is the case with the sieve of Eratosthenes, a problem shall
be considered a dense sieving problem. In between these extremes we define “moderate

to low density” sieves and “moderate to high density” sieves.

1.3.4 The Filter Mechanism

When filtering is required, a very high solution rate may overwhelm the resources available
for filtering and cause a sieve problem to be filter bound. When a problem is filter bound,
the sieve will operate at a much lower speed than the maximum hardware sieving rate,

as the process of filtering, or merely outputting solutions, becomes a bottleneck.

Commonly, there are two different types of filtering mechanisms employed by sieve
systems. With on-line filtering, filtering is performed almost immediately after the gen-
eration of a solution candidate by using a computer connected directly to the sieve. This
is in contrast to off-line filtering, where the solution candidates are collected in a batch,
and at some later time transferred to a computer system for processing. Clearly, before
the advent of digital computers, all solution filtering was performed off-line, using manual

methods such as hand-computation.

Often, even when on-line solution filtering is provided, some off-line post-processing of
the data may be required. For example, it may be necessary to perform primality testing
of solutions, a process generally too time consuming to be performed on-line. Instead, a
fast probable-prime test can be performed on-line, with the much slower primality test

being performed off-line.
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1.4 Optimizations

The performance of this basic model can be improved further by testing for solutions
in parallel. We can improve the sieving rate by a factor of ¢ by using t sieves, starting
each at a different point in the range to be sieved, or by constructing a single sieve
with a t position solution window. Using an idea which originated from the work of
Cantor et al. [CEFT62], it is possible to test ¢ solution taps at once. This window would
test ¢ consecutive positions from each ring instead of just one and then the sieve would
advance the rings by ¢ positions. However, in order to support ¢ solution taps, a ring
must accommodate more than ¢ positions, hence many such designs support very small

moduli with rings corresponding to prime powers (see [Pat91b, pp. 112-114]).

1.4.1 Single Residue Optimization

We can often increase the sieving rate even more by making use of the idea of single
residue optimization. Possibly, the best way to illustrate this idea is to look once again at
the example at the beginning of this section. Notice that if we combine the moduli which
have only a single acceptable residue, we need to find a value for X such that X = 1
(mod 24). Since X = 1+ 24Y, instead of sieving on X, we could sieve on Y. In this case
all residues modulo 8 and 3 are acceptable for Y and we simply rearrange our remaining

residues modulo 5 and 7 so that

= 0or2 (mod 5),

Y = 0,1o0r5 (mod?7).

This simple idea, known to Lehmer (see [Leh53]), effects a 24 fold speedup for the
problems because any solution Y can easily be converted to one for X by computing
X = 1+ 24Y and the sieving range has been reduced by a factor of 1/24. An algo-
rithm to perform the required residue reordering for single residue optimization will be

presented in Section 4.4.3.
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1.4.2 Multiple Residue Optimization

The idea of single residue optimization can be applied to multiple residues to obtain an
additional increase in the sieving rate. This idea was used by Lehmer [Leh28, p. 891] to
divide a factoring problem into two separate sieve problems based on the congruence a =
2,3 (mod 5). By separating results into two cases and using single residue optimization

on both subproblems, a speedup factor of 5/2 was achieved over that of a single run.

In 1975, Stark [Sta75, p. 301] used this method to divide a quadratic type problem
into 30 subproblems with respect to the implicit modulus m; = 8-3-5-7-11 = 9240.
Using single residue optimization modulo 9240, each subproblem achieves a speedup of
9240/30 over a non-optimized problem, not including any additional costs incurred in

running multiple subproblems over that of a single problem.

1.5 Factoring using Sieves

One of the earliest applications of sieve devices was in the factoring of integers. In fact,
it was the interest in factoring which spurred much of the early development of sieve
devices. Although modern factoring algorithms programmed on present-day computers
have made factoring by sieving obsolete, up until about 1970, sieving was the fastest
general method available for factoring large integers [SW90, p. 43]. In order that the
reader is not left with the impression that sieves are only of historical interest, we shall
be presenting examples of contemporary sieve applications in Chapters 6 and 7 of this
thesis.

The factoring algorithm we shall describe is based on an idea which began with Fermat
in 1643 [Dic66] who suggested that if one can find a representation for a number N as a

difference of squares, 2% — %, then one can easily determine two factors of N. Assuming

N =U-V,where U >V, and U, V are both odd, then we can define

1 1
$:§(U+V)’ y:'z"(U_V)a
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and see that
U=(z+y), V=(z-y),
and
N=(z+y)(o-y)=2> o
Stated as a sieving problem, we must find a value z such that z2 — N is a perfect square.

It is a fairly straightforward matter to specify the necessary congruence relations.

For example, in 1938 Lehmer [Leh39, p. 137] used a mechanical sieve to factor the
integer Nj, where

_ @+ 2%+ 1)

R 10+ 1) = 18518800563924107521.

1

In fact, an examination of Lehmer’s unpublished sieve log shows that he employed a good
deal of mathematical ingenuity to restrict the possible values of z to numbers of the form
806400k + 4304146561 or 806400k + 4302188161. Nevertheless, the following description

will suffice to describe the general method.

Recall that we determine the set of congruences modulo p; which must be satisfied
so that £2 — NV is a perfect square. We start by tabulating values of z, 2? and z2 ~ N
modulo the small primes p;. These calculations for small values of p; are shown below.
We have crossed off those values of z which correspond to values of z2 — N which cannot

possibly be perfect squares.

pi z? (mod p;) N (mod p;) 2 — N (mod p;)
2 0,1 0,1 1 0, 1

3 0,1,2 0,1,1 1 2,0,0

5 0,1, 2 84 0,1,4,4,1 1 4,0, 8, 3,0
701,28 4,56 0,1,4,224,1 4 3,4,0, 5, 5,0,4
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From the above, we see that modulo the primes 2, 3, 5, and 7 the resulting congruences

are:

z = 0,1 (mod2)
z = 1,2 (mod 3)
r = 0,1,4 (mod5)

z = 1,2,5,6 (mod7)

If we continue this process for all moduli up to and including the prime 229, and run
this problem on a suitable sieve device, the first solution occurs for z = 23651756161,
This corresponds to a y-value of 23256972480, which yields the two factors U = z +y=
46908728641, and V = z — y = 394783681.

We note that the complexity of this method is O(N); however, variations on this

method were developed by Lehmer and Lehmer [Leh33b] that were O(v/N).

1.6 History of Sieving

It appears that F.W. Lawrence [Law96] in 1896 was the first individual to actually consider
constructing a number sieve. This device, which could be used to factor integers (see
Williams and Shallit [WS]), was to be made up of from 15 to 20 rings. These rings,
representing the small primes p; (p; = 2, p, = 3, ... p;), would be wooden or cardboard
gears with p; (or, when p; is very small, some power or multiple of p;) teeth, with the
distance between these teeth being the same for all. As these gears must be of differing
diameters, it would be necessary for each of them to be supported by a different axle in
order for all of them to engage a common driving gear. The teeth on each of these ring
gears would be numbered and acceptable residues indicated by a brass stud just within
the appropriate tooth and projecting through the gear on both sides. The machine was to

be set up in such a way that the ring gears were side by side but spread out in a slightly
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fan shaped arrangement in order that they be close together where they were to be turned
by the common driving gear, but were farther apart at the other side. This would ensure
not only that the brass studs would pass easily under the supports of the different axles,
but also that they would all come in contact with each other mear the driving wheel
when a solution occurred. This line of contact of the brass studs at a solution could be
indicated to the operator by having it complete an electrical circuit which would cause a

bell to ring or the rotation of the driving gear to cease.

Lawrence did not build this machine, but was content merely to give a very brief
sketch of how it might be constructed. Very likely it would not have worked well at high

speeds because of the lack of precision implicit in its design.

Later, in 1910 Gérardin published a French version of Lawrence’s paper in his monthly
mathematical review, Sphinz-Oedipe. This appears to have acted as a stimulus to Kraitchik
who announced (see Gérardin [Gér12a]) in February of 1912 that he had constructed a
model of a number sieve. This device, made of wood, is described more fully by Gérardin
[Gér12c] and much later by Kraitchik [Kra22, pp. 43-44]. It was composed of 15 gears
with differing numbers of teeth representing the moduli: 64, 54, 50, 49, 44, 52, 51, 57,
46, 58, 62, 37, 41, 43, 47. These gears were mounted on a single shaft A’ but could turn
freely about this shaft. A second group of 15 gears, each with 64 teeth, were mounted on
another shaft A and fastened on that shaft. The radii of the gears on shaft A and those
of their corresponding gears on shaft A’ were fixed at 200 mm. This meant that the two
shafts could be arranged in parallel with the gears representing the moduli engaged by
the gears on shaft A. The radii of the gears were also determined such that the gears
representing the moduli would all turn at the same rate when driven by rotating shaft A.
For example, if r; is the gear radius of a gear on shaft A and 5 is the radius of the gear
on shaft A’ corresponding to it, then we would want r1+72 = 200 mm and /7, = 64/m

where m is the number of teeth on the gear of radius r,.

A numbered hole was placed a fixed distance (60 mm) from the centre beneath each
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gear tooth of the gears on shaft A’. For a given sieve problem the non-acceptable residues
(mod m) had the holes corresponding to those on the gear with m teeth plugged. A light
source was placed at a fixed point near the end of shaft A’ and a screen was placed at
the other end. As shaft A rotated, a solution would occur when a set of unplugged holes
on the 15 gears lined up; this would be detected when a spot of light appeared on the
screen. While this mechanism probably worked reasonably well at low speeds it would
very likely have been useless at high speeds because the gear teeth, being of different
sizes, would produce meshing problems. In any event it seems that Kraitchik abandoned

his sieve shortly after he constructed it.

In March 1912, Gérardin [Gérl2c] reported that P. Carissan had developed a machine
for factoring and that he (Gérardin) had sent a posting to the French Association for
the Advancement of Science describing a sieve which he had constructed. Although
the subsequent paper [Gérl12b] is rather vague, as are all of Gérardin’s papers on his
machines, some information is provided in his note [Gér12d]. From this we are informed
that his mechanism was made up of an unspecified number of strips, likely of paper (see
[Gér12b]) and each represented a ring for some modulus. A strip representing modulus
m was marked off in a multiple of m spaces of fixed size. These spaces were coloured
white or black according to whether the residue represented by any particular space was
acceptable or not. A solution to a sieve problem which required several of these strips
would be indicated by a completely white column. The strips were set up to be almost
equal in length, usually about 3 meters, and were wound up between two similar rollers,
with an operator checking for blank columns. This is certainly not as sophisticated a

device as Kraitchik’s, but it was likely useful for small problems.

Carissan’s machine, constructed by his brother E.-O. Carissan, is described very inad-
equately in [Gér12c] and mentioned only in passing by Gérardin [Gér13]; but in Carissan
[Car20a] we learn that it was made up of hanging, flexible modular loops (rings) which
were driven simultaneously by a grooved roller and scanned for solutions by eye. We are

also informed that it was rather inefficient.
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All three of these machines suffered from the same inadequacies: they were inefficient,
existed only as prototypes, required the human eye to scan for solutions, and produced
no significant result. Thus, it is difficult to regard them as being anything other than
experiments that failed. In the next section we will discuss some successfully completed

number sieves.

1.6.1 Early Sieve Devices

In 1913-14, E.-O. Carissan, who was a lieutenant in the French infantry, began his devel-
opment of an automatic sieve device. Unfortunately, his work was interrupted by World
War I and not completed until 1919. The resulting precision machine, fabricated by the
firm of Chateau Freéres of Paris, incorporated 14 circular brass rings representing the mod-
uli: 19, 21, 23, 26, 29, 31, 34, 37, 41, 43, 47, 53, 55 and 59. These rings were driven at the
same linear rate by a pinion gear underneath them. A ring representing modulus m had
m studs on its top side with the spacing of these studs being the same for all the rings.
Non-conducting caps were placed on those studs which represented acceptable residues
for the modulus m. These caps would press on contact switches which were mounted on
an arm placed above the rings. The switches were connected in series and the completion
of a circuit (each stud under the arm is capped) would cause a sound to be made in a
telephonic receiver placed over the ears of an operator, alerting him to a solution. The
mechanism was driven by hand, canvassed numbers at the rate of 35 to 40 per second
and displayed solutions in a 6 digit counter. Further details on this remarkable machine,
together with example problems, can be found in Carissan’s well-written and detailed

paper [Car20a].

Carissan had plans for improving this device such as driving it by means of an electric
motor. Indeed, in an unpublished manuscript [Car20b] he refers to it as a first model and
provides a list of 4 possible improvements that could be made to subsequent versions.

Unfortunately, no further work seems to have been done and this machine was totally
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forgotten until fairly recently; this was very likely the result of the premature deaths of
both P. Carissan (in 1923) and E.-O. Carissan (in 1925) and the rather obscure journal
in which [Car20a] appeared. What is, nevertheless, particularly remarkable is that this
beautifully constructed machine, the earliest example extant, of a special purpose auto-
matic mechanism for solving number theoretic problems, still exists today. It was recently
donated by a daughter of E.-O. Carissan, France Silber of Grenoble, to the museum of

the Conservatoire Nationale des Arts et Métiers in Paris.

1.6.2 Lehmer’s Sieves

The next important developments in sieving technology are almost exclusively due to
D. H. Lehmer. As his several devices have been fully described elsewhere (see [SW90],
[Pat91b] and Lehmer [Leh28], [Leh33a)], [Leh34], [Leh80]), we will only provide brief
descriptions of some of them here. Lehmer’s first sieve, completed in 1927, was made up
of 19 bicycle chain loops containing the following numbers of links: 64, 27, 25, 49, 22, 26,
17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61 and 67. These loops were suspended from
a common shaft with 19 10-tooth sprockets to engage the chains. The zero link for each
chain was painted red and acceptable residues were indicated by the presence of a small
pin (a piece of chicken wire, actually) attached to their corresponding links. The shaft,
driven by an electric motor, rotated at the rate of 300 r.p.m. (50 links per second). When
a pin projected above the shaft it pressed on a spring loaded contact. As in Carissan’s
sieve (of which Lehmer had no knowledge until 1989) the contacts were connected in series
and completion of the circuit would trip a relay which shut off the power to the motor. A
revolution counter on the shaft was used to determine the solution value. This machine
was used for a year or so, but was disassembled by Lehmer in anticipation of a move to
Providence, R.I. Regrettably, it was stolen before it could be used again. The machine
has recently been reconstructed by Robert Canepa of CMU (see Pomerance [Pom82]),

and this model is now in storage at the Computer Museum in Boston.
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In 1932, encouraged by the success of the Bicycle Chain Sieve, Lehmer went on to
construct a much more ambitious device: the Photoelectric Sieve. This mechanism rep-
resented the fruition of the somewhat impractical ideas of sieve construction put forward
by Lawrence and Kraitchik. As in Kraitchik’s model, a modulus m is represented by a
gear of m teeth. The 15 driving gears all had 100 teeth and were mounted on a common
shaft. Each of the 30 modulus gears had an individual axle and meshed with one of the
driving gears. The gears were arranged in two sets of 15 on either side of the driving
gears with two modular gears engaging one driving gear. A hole was drilled at a fixed
distance beneath each modulus gear tooth, and a toothpick was used to plug holes that
represented unacceptable residues. A light source was placed near the end of the driving
shaft and so was a photodetector, with a pair of prisms used to redirect the light beams
from the first set of 15 modular gears to the second. When a solution occurred, there
would be an alignment of the unplugged holes, allowing the photodetector to trigger a
series of amplifiers and relays which ultimately opened the circuit breaker for the electric
motor which drove the gears. This sieve, which had gears representing 64, 27, 25, 49 and
the primes from 11 to 113, performed at the rate of 5000 numbers per second. The main
difficulties with the machine, which performed some very impressive feats of calculation
[Leh33b], were: (1) it was very difficult to transport because of its size and sensitivity,
(2) loading a complete problem took over two hours [Ste89, p. 17], (3) its photoamplifier
system, which amplified the light signal by a factor of over 7 x 108, was at the very fore-
front of the technology available at the time, causing all kinds of difficulties in running

the device (see D. N. Lehmer [Leh33]).

Two years later Lehmer developed another sieve with about the same simplicity, speed,
capacity and cost of the Bicycle Chain Sieve, but it was much more compact and easy
to move. In the Movie Film Sieve the chains were replaced by 18 loops of 16mm movie
film, with quarter inch holes punched in the loops to represent unacceptable residues.
Adjustable rollers (one for each loop) were used to provide tension at the bottom of

the loops which were driven by a conducting brass drive shaft 18 metallic brushes were
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attached to a brass bar mounted above this drive shaft. When there were no holes in
any of the film loops as they passed over the drive shaft, none of the brushes would be
in contact with the shaft, resulting in a shut-down of the driving motor. It was this
simple device, very reminiscent of Carissan’s first attempt at a sieve, that Lehmer used
to produce his table in [Leh37]. We should also point out that a year after this, Gérardin
[Gér37], apparently totally unaware of Lehmer’s previous work, constructed a number
sieve. Although there is a photograph of this machine which suggests that it was based
on an adding machine, the description provided is both vague and all too brief. We are,
however, informed that it was electric, automatic, able to print and executed at the rate

of about 25000 operations per working day.

1.6.3 Electronic Sieves

Up to this point, the sieve devices which have been discussed were primarily mechanical
devices, with chains, gears or loops for moving parts. Although, Lehmer’s photo-electric
sieve made use of rather sophisticated electronics !, this was strictly limited to the de-
tection of solutions. Obviously, the speed of mechanical sieves was greatly limited by the

constraints imposed by moving parts.

It was not until the advent of electronic computers in 1945 that Lehmer experimented
with the problem of implementing sieves in software and produced several programs
which implemented sieves on various computers. In fact, experience with the ENTAC
(the Electronic Numerical Integrator and Calculator) caused Lehmer [Leh46] to propose
the construction of what he called an Electronic Sieve. This device would have used
vacuum tubes to achieve an estimated sieving rate of about 100000 to 200000 numbers
per second. In this same proposal, he also discussed the possible construction of an

Acoustic Sieve in which the periodic element would be a tube of ethylene glycol with a

'In fact, Lehmer noted that this may have been the first instance in which the digital flip-flop was

used in computing (see [Leh80])
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piezo-electric crystal at each end. This instrument would, if constructed, sieve at the rate
of 10® numbers per minute. Lehmer’s plans for the Electronic Sieve were quite advanced,

but his proposal was apparently not funded, as the device was never constructed.

Software Sieves

The next twenty years saw a lull in sieve building, as Lehmer and others concentrated
on implementing sieves in software on various digital computers. In the 1950’s, Lehmer
[Leh53] programmed the Standards Western Automatic Computer (SWAC) to solve the
GSP. This sieve implemented 17 rings in software and canvassed at a rate of approximately
1450 trials per second. In the 1960’s, Brillhart [BS67] used an IBM 7094 to achieve
a canvass rate of 150000 trials per second with a software sieve supporting 21 or 22
congruences. A much faster software sieve would later be implemented by Lehmer on
the experimental ILLIAC IV supercomputer in the early 1970’s. This single instruction,
multiple data (SIMD) architecture computer contained 64 processors and was able to

sieve at a rate of 15 million trials per second.

The Delay Line Sieve

In 1965, Lehmer would build one of his most successful sieves, the Delay Line Sieve (DLS-
127). This machine made use of delay lines as memory elements. Delay lines transmit
electrical pulses at a fixed speed; these were used to build loops whose lengths were
proportional to the sieve moduli. By carefully initializing each loop with pulses for the
acceptable residues, solutions would be indicated by the simultaneous arrival of pulses
from all the delay line taps. Circuitry would carefully resynchronize and reshape the
pulses, allowing the ring data to recirculate indefinitely without loss of information. The
first version of the machine used the primes or powers of primes less than or equal to 127
as moduli; later, in the early 1970’s the machine was renamed the DLS-157 when 6 more

moduli (constructed from shift registers instead of delay lines) were added. This device
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was very cheap to construct, was very flexible and ran at the rate of 10° numbers per

second.

Loading of problems on the Delay Line Sieve was automated by a program on an
IBM 7094 computer which accepted punched cards containing the specification of a dio-
phantine equation f(z,y) = 0, where f was a polynomial of arbitrary degree with integer
coefficients of arbitrary size (see [Leh66]). Using this information, the 7094 would pro-
duce a punched paper tape suitable for input directly to the Delay Line Sieve. After
outputting a solution, the sieve would automatically load the next problem mounted on

its paper tape drive, allowing multiple sieve problems to be enqueued.

The Delay Line Sieve featured a solution counting mode used to output the number of
solutions within a specified range without actually outputting individual solutions. This
mode was found to be useful for certain problems. For example, for the pseudosquares
problem, filtering could be avoided by predicting the number of perfect squares in the
search range and comparing this with the observed solution count. A discrepancy would
alert the operators to the presence of a solution. This was a particularly valuable feature

for this sieve because solution filtering was performed off-line.

The Movie Film Sieve, parts of the Photoelectric Sieve, and the DLS-157 are also now

in storage in the Computer Museum in Boston.

Cantor, Estrin, Fraenkel and Turn

One of the most impressive early proposals for the construction of an electronic sieve
device was provided by Cantor, Estrin, Fraenkel and Turn ([CEFT62] in 1961. This called
for a sieve to be built from basic digital building blocks similar to those which were being
used in the transistorized digital computers of the time. Basing the speed of the sieve on
the shift times required by the IBM 7090 digital computer, Cantor et al. envisioned that
the shift registers would be clocked at a rate of 5 megahertz (MHz), or one shift every

0.2usec. They also state that the sieving rate would have been in excess of 101° numbers
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per minute, or 167 million per second. From this we assume that 32 solution taps per

ring were planned.

Clearly, this machine would have required the use of the latest state-of-the-art com-
ponents in digital electronics and would have been extremely expensive to build; never-
theless, it is clear the technology existed at that time to build such a device. As it turned
out, the proposal was not acted on, and it would be another 20 years before a machine of
similar capabilities was to be built. Several revolutionary ideas were put forward in this
proposal, including the idea of multiple solution taps, which Cantor et al. referred to as
observation posts, and the idea of combining a sieve with a digital computer as part of
a “fixed plus variable” (F' 4 V) structure computer system. A conventional digital com-
puter represented the fixed part of this architecture, while the variable part consisted of a
set of reconfigurable modules or digital building blocks which acted as a special purpose
computer. In this case, the special purpose computer would implement a shift-register

sieve.

A major advantage of the (F' + V') architecture is that the conventional computer can
be used to simulate in software those rings which are not implemented in hardware. Using
our own terminology, the computer implements virtual rings corresponding to moduli
not supported by the hardware rings. Somewhat surprisingly, in [CEFT62] there is no
mention of how a digital computer system connected directly to the special purpose sieve
hardware could also be used to perform a filtering function (in particular, perfect square
testing), nor how it could greatly simplify the loading of sieve problems and the gathering

of solutions.

The SRS-181

Lehmer went on to develop a sieve that used only shift registers to implement the modular
rings, the Shift Register Sieve, SRS-181, but unfortunately this uncompleted machine was

mistakenly scrapped when Lehmer was away from Berkeley. According to Morrison and
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Brillhart [MB75, p. 199], the SRS-181 was expected to be operational by the end of 1974.

From several descriptions of the machine (see [Leh80], [Pat91b, p. 70], [Ste89, pp. 22—
23]), it appears the SRS-181 was intended to be a stand-alone machine, with a complex
array of displays and switches to allow operator control of the device. It was capable of
operating in both regular search and solution counting modes. The sieve was to feature
42 hardware rings corresponding to the primes less than or equal to 181. The shift-
registers were constructed from off-the-shelf 8-bit shift-register integrated circuits (ICs).
The original design called for a single solution tap with a shift rate of 16 million per

second resulting in a hardware sieving rate of 16 million trials per second.

UMSU

A more sophisticated version of the shift-register sieve, called the University of Manitoba
Sieve Unit (UMSU), was constructed by Patterson and Williams [PW83] in 1983. Origi-
nally, it was planned that this project would simply reconstruct the SRS-181 [Pat83, p.
8]. However, these plans would be modified to allow the sieve to be connected directly to
a minicomputer host, initially a DEC PDP-11 /03, as an attached processor. This would
be the first realization of the “fixed plus variable structure” sieve system as proposed by

Cantor et al.

The eventual design boasted a complement of more than 500 medium-scale integration
(MST) integrated circuits using readily available transistor-transistor-logic (TTL) compo-
nents. The electronic circuitry was constructed on three wire-wrapped circuit boards
interconnected via a backplane. Shift-register rings corresponding to the first 32 primes
were implemented with the first four rings corresponding to the prime powers 28 = 64,
3* =81, 5% = 25, and 7% = 49. A shift clock rate of 16.67 MHz, or 16.67 million cycles
per second, combined with eight solution taps per ring, resulted in a maximum hardware

sieving rate of 133 million trials per second.

UMSU was the first sieve to implement virtual ring emulation, on-line filtering, and
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automatic problem restart following a power-failure. A special feature called checkpointing
served the dual purpose of periodically testing for hardware errors and recording the
hardware state of the machine. In the event of a hardware error or power-failure, the sieve
problem could be restarted using the state information of the last successful checkpoint.
Testing for the presence of a hardware error was performed by predicting the contents
of the shift-register rings based on the initial contents of the rings and the counter value

and comparing this to the actual ring contents.

A simple user editable file format was used for specifying the congruences of a sieve
problem, as well as various parameters including: start and stop counter values, speci-
fication of a filter function, and the interval to be used between successive checkpoints.
These problem files could be edited using a text editor on the multi-user host system and

submitted to a problem queue for execution.

OASiS

All of these sieves described above have the disadvantage of operating with fixed moduli.
In 1985, Stephens and Williams [SW90] constructed a variable modulus sieve called the
Open Architecture Sieve System (OASIS), which utilized 16 8K RAM chips. This would
permit the user to employ up to 16 arbitrary combined moduli, each of which could be
no larger than 8192. For example, up to 37 moduli corresponding to all of the primes
less than or equal to 157 could be fit into the 16 rings, with the moduli 5, 7, 11 and 13
being combined in one ring of modulus 5005. The OASiS design has a shift rate of 13.3
MHz, with 16 solution taps, resulting in a hardware sieving rate of 215 million trials per

second.

The major advantages of OASiS over its predecessor, UMSU, are its enhanced speed,
variable size ring capability and modular design. Designed with future expandability in
mind, a second OASiS sieve was constructed in 1991 at minimal cost using a spare set

of printed circuit boards. The modular design allowed “board swapping” to be used to
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isolate faults, simplifying maintenance.

The major shortcoming of OASIS is the very low bandwidth connection of 9600 Bits
Per Second (BPS) between OASiS and its host computer system, a microVAX II. For
example, it can take as long as 10 minutes to load and verify a problem, depending
on the size and number of rings required by the particular problem. Even worse, since
the consistency check portion of checkpoints are actually performed by the host system,
checkpoints can take up to 10 minutes as well. For problems such as the pseudosquares,
which required a significant amount of filtering, the slow communication path between
sieve and host, combined with the relatively low CPU performance of the microVAX 11,

result in filtering being a significant bottleneck.

The Bronson and Buell Sieve

Very recently, Bronson and Buell [BB93] have made use of Field Programmable Gate
Array (FPGA) technology to develop a very fast number sieve. The Bronson and Buell
sieve consists of an attached processor, called SPLASH, interconnected via a VME bus
interface to a Sun workstation host. SPLASH is a reconfigurable systolic array processor,
developed at the Supercomputing Research Center in Maryland, which consists of a linear
array of 32 early generation FPGA chips. These FPGA devices consist of a large number
of logic building blocks which can be dynamically rewired to perform various functions.
The possible circuit combinations are limited only by the number of available logic blocks
and the interconnectivity of the specific FPGA devices. Reconfigurable architectures such
as SPLASH blur the conventional distinction between hardware and software by allowing

a designer to write “code” which specifies a hardware architecture.

The real power of this sieve architecture is that it allows a designer to theoretically
custom configure the hardware resources for the problem at hand. In Lehmer’s [Leh46)
preliminary proposal for an Electronic Sieve using vacuum tube technology, he advocated

designing the ring circuitry utilizing several hundred identical logic modules allowing
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the ring configuration to be changed via physically plugging and unplugging modules
and cables, as required. The proposal of Cantor et al [CEFT62] states that, “by an
appropriate rearrangement of the building blocks, problems with different moduli can be

run”. FPGAs allow such reconfiguration to take place on-the-fly, at hardware speeds.

Bronson and Buell [BB93] have implemented a sieve using SPLASH which possesses
shift-register rings whose moduli correspond to 22 primes, or powers of primes, between
3 and 127. This sieve has 64 solution taps and a shift rate of 16 million per second, for
a maximum hardware sieving rate of 1024 million trials per second. This is the highest
rate ever achieved by a single sieve, and is almost 5 times faster than the previous record

holder, OAS;S.

1.6.4 A Summary

In Table 1.1 below we present a very brief summary of the history of sieve construction.
The Scalable Sieve Unit (SSU), which appears near the bottom of this table, will be

described in detail in the following chapter.
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Sieve Systems

Machine Year Rings Trials/Sec
E. Carissan 1919 14 35-40
Bicycle Chain 1927 19 50
Optical Gears 1932 30 5,000
16mm Movie Film 1936 18 50
A. Gérardin 1937 ? ?
SWACH 1950’ 7 1,450
IBM 7094} 1960’s 21 or 22 100,000
DLS-127 1966 31 1,000,000
DLS-157 1969(7) 37 1,000,000
ILLIAC IV} 1960’s 64 15,000,000
Shift Register 1975 42 20,000,000
UMSU 1983 32 133,000,000
OASiS 1989 16 variable 215,000,000
Sun4/280% 1989 32 2,000,000
SSU 1991 30 192,000,000
Bronson, Buell 1992 22 1,024,000,000

{Denotes software running on a general purpose computer

Table 1.1
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The Manitoba Scalable Sieve
Unit Architecture

The Manitoba Scalable Sieve Unit (MSSU) is the third of a succession of sieve units
designed and built at the University of Manitoba. As discussed above, the first such
device was the UMSU sieve [Pat83], completed in 1982, and the second was the OASiS
sieve [Ste89], completed in 1988. The first MSSU sieve was completed in 1993. Soon
thereafter, a second MSSU sieve was built, and now both devices are in operation at the

Computer Science Department at the University of Manitoba.

2.1 Motivation

From the outset, the goal of the MSSU design was to achieve a sieving rate of at least
an order of ﬁmagnitude faster than that of OASiS, which at the time was the world’s
fastest electronic sieving device. The pseudosquares problem was chosen as a benchmark
by which to measure sieve performance, both for its mathematical importance and for

its great computational difficulty. It is also representative of a larger family of problems

known collectively as problems of quadratic character.

25
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Since 1988, first UMSU, and later OASiS, were used to extend the known list of
pseudosquares from Lys7 to Lgzs. In 1991, in an attempt to extend the pseudosquares
search further, a second OASIS sieve was constructed, and both OASIS sieves were used
to compute the values of the pseudosquares Lyg7 and Lgz9. At that point it was obvious
that a further pseudosquare search using OASiS would be futile since we could expect to

wait months, if not years, for the next solution.

At about this time, Cam Patterson at the University of Calgary was completing the
fabrication of a small number of VLSI circuit devices which essentially placed an electronic
sieve device, similar in many respects to UMSU, on a single chip. It was clear that by
operating many of these sieve chips in parallel, a very fast sieve device could be built.
The original outline of the design envisioned a parallel architecture consisting of 16 VLSI
sieve devices, a powerful control microprocessor capable of performing solution-filtering
without intervention of a host computer, and a multi-user host computer which would

provide file storage for specification of problems and for solution capture.

2.2 The Scalable Sieve Unit

In [Pat91b], Patterson describes the Scalable Sieve Unit (SSU), a Very Large Scale In-
tegration (VLSI) implementation of an electronic sieve device. The SSU combines the
circuitry for hardware rings, a counter, a solution detector, and associated circuitry onto
a single integrated circuit, or “chip”. A simplified block diagram taken from Figure 5.18
of [Pat91b] is given in Figure 2.1.

The SSU utilizes shift-registers to implement the hardware rings. Eight solution taps
per ring are routed to separate solution detectors, allowing eight solution candidates to
be tested per clock cycle. Each VLSI chip possesses hardware rings whose size correspond
to the first 30 prime numbers (2 through 113). However, to accommodate the solution
taps, the size of the first four rings are larger than the corresponding primes. These rings

are of size 2* = 16, 3?2 = 9, 5% = 25, and 72 = 49.
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Figure 2.1: SSU Block Diagram

A pipelined solution register (PLR) is utilized to store the outputs from each of the
solution detectors (SD). By gating this register with the sieve clock (CLK), a simple
two-stage hardware pipeline is formed. In the first stage, solutions are detected using
the 8-input AND gates and clocked into the pipeline register. In the second stage, the
interrupt request output (IRQ) is generated through the 8-input NOR, gate. By dividing
the required operations into two stages as opposed to one, fewer gate delays are incurred
per clock cycle, allowing a greater clock rate to be used. A minor disadvantage of this
approach is that when the interrupt request is generated, and the clock is gated off, the

counter (CNTR) will have advanced by one count beyond the corresponding solution.

A solution counter of 44 bits is provided on-chip. The most significant bit of this
counter is reserved for indicating counter overflow; thus, the terminal count is limited to
243, This is sufficiently large that we can expect several days of continuous operation
between counter-overflow interrupts. Since one or more solutions may be present during

counter-overflow, it is important that the contents of the pipelined solution register be

tested for solutions. The contents of the pipelined solution register are referred to as the

Solution Mask.



CHAPTER 2. THE MANITOBA SCALABLE SIEVE UNIT ARCHITECTURE 28

- RING 0 RING 1 RING 20 .
. 80810015711 087ees32 eoo 10112 111eee32] o
L
SI—<{__ _#— SO
LN PIPELINE REGISTER COUNTER o
Tap0 *ee  Tap? | Bit0 een Bitd43

Figure 2.2: SSU Scan Paths

The contents of the SSU rings, counter, and pipelined solution register can be read and
written using one of two so-called scan paths. These are shown pictorially in Figure 2.2.
One scan path is formed by concatenating the contents of the rings, while the other
consists of the solution mask concatenated with the value of the counter. Both scan
paths are read in a bit serial fashion using a fast synchronous seria] link operating at a
data rate of over 1 MBPS. The data is clocked using an external bit clock referred to as
the Slow Clock Pulse (SCP). This is to differentiate it from the Fast Clock Pulse (FCP)
which controls the shifting of the rings. With each pulse of SCP a single bit of the selected
scan path is input via the Serial Input (SI), while simultaneously one bit is output via

the Serial Output (SO).

During operation, the SSU is said to be in one of two states. In the instruction state,
the SSU accepts one of four commands via control signal inputs and FCP is gated off to
the shift-registers and counter. In the search state, the SSU will search for a solution by
clocking the shift-registers and counter using FCP. A transition to the search state will
only initiate a search if there are no pending solutions in the solution register, the counter

has not overflowed, and the most recent command was not a disable search command.,

I CMD0O CMD1 ” Command j

0 0 Scan Rings

0 1 Scan Counter
1 0 Disable Search
1 1 Enable Search

Table 2.1: SSU Commands

Although the SSU is not a stored program computer, it does accept commands via
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two signal inputs, CMD0 and CMD1. The Ezecute (EXL) signal is used to initiate the
command specified by the CMDO0 and CMD1 inputs when in the instruction state. The
commands, listed in Table 2.1, are divided into two groups of two instructions each. The
two scan instructions are used to simultaneously read and write either the contents of
the rings, or the solution mask and counter. The remaining two instructions enable or
disable search mode. When search mode is enabled a transition to the search state will
initiate sieving for a solution. When it is disabled, the chip is essentially idle until a new
command is received. Once a solution is found, or on a counter-overflow, the chip will

assert the Interrupt Request (IRQL) signal and search mode is disabled.

The Chip Select (CSL) control signal input is used to select between the instruction
state and the search state. When CSL is deasserted, the SSU enters the instruction state
and the IRQL output is placed into a high-impedance state, essentially disconnecting the
SSU from the IRQL signal, and the SO output is active. When CSL is asserted, the SSU
enters the instruction state and the SO output is placed in a high-impedance state, while

the IRQL output is active.

The Clear (CLRL) signal is used to perform an asynchronous reset by clearing the
pipelined solution register and counter, and disabling the search mode. A complete list of

the input/output signals required for interfacing to the SSU device is given in Table 2.2.

The SSU VLSI devices were implemented using a channeled gate array with a circuit
complexity equivalent to 10,000 gates. These gate array chips were constructed using
a 2um CMOS double-metal process. This technology was considered mature, even by
the standards of 1991, when they were first manufactured. The dies, 1 cm? in size, are
mounted in a conventional ceramic 48-pin Dual Inline Package (DIP). The SSU devices
were designed and tested for a maximum clock rate of 33 MHz, but, as we shall see in
Section 3.2, due to excessive power dissipation at these speeds, normal operation is at

somewhat lower clock rates.
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l Signal l Function ’ Type ]
CLRL | Clear(Reset) Control Input
CMDO | Command 0 Control Input
CMD1 | Command 1 Control Input

CSL Chip(Mode) Select | Control Input
EXL Execute Command | Control Input
FCP Fast Clock Pulse Clock Input
IRQL | Interrupt Request | Control Output
SCP Slow Clock Pulse Clock Input

SI Serial In Data Input

SO Serial Out Data Output

Table 2.2: SSU Signal Lines

2.3 MSSU Overview

The MSSU hardware consists of two major subunits housed in a single chassis (see Fig-
ure 2.3). The first of these is the control processor which handles various control oper-
ations and performs on-line solution filtering. The control processor consists of a high
speed microprocessor, memory, and various I/0 interfaces. The second major subunit is
the sieve array which contains up to 32 SSU devices and associated circuitry to interface

these devices to the control processor.

Because of the limited number of moduli supported by the SSU devices it was decided
to implement fast emulation of virtual rings in the control processor software. It was also
decided to place the filtering functions of the sieve in the control processor, thereby
eliminating the need for a fast communication channel between the sieve hardware and
the multi-user host computer which had traditionally been the bottleneck with OASS.
As much functionality as possible was placed in the control processor, without affecting
overall system flexibility, to reduce the response time requirements of the multi-user host.
These factors implied that the control processor would have to be quite powerful, with a

fast synchronous serial interface to communicate directly with the SSU devices.

Software executing on the controller recognizes a small number of high level commands
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Figure 2.3: MSSU Block Diagram

from a host via a conventional serial port and translates them into the necessary low
level operations to be performed by the individual sieve chips. Typically, the host is a
multi-user workstation; however, if necessary, a dumb terminal can be used. Since the
control processor reduces the level of interaction required between the host and the sieve
hardware, adequate communication bandwidth is provided by a 9600 Bits Per Second
(BPS) asynchronous serial line. However, to maximize performance, data rates in excess
of 1.05 Million BPS are provided for data transfer between the sieve array and the control

processor.

2.4 Comparison of MSSU with Recent Systems

Table 2.3 lists some of the key features of the UMSU, OASiS and MSSU sieves. Each
system has benefited from various technologies which were available and economically
feasible when these systems were designed. Clearly the major features present in the

MSSU sieve which were not available in the UMSU and OASIS sieves are the parallel
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architecture and the powerful dedicated control processor capable of performing on-line

solution filtering.

In retrospect, some design decisions of the earlier sieves would not be duplicated today
(1995). For example, one of the main goals of the OAS;iS system was software portability.
Unfortunately, the software system relies heavily on many features of VAX/VMS, an
operating system whose relative popularity has declined with the emergence of Unix as
the operating system of choice for minicomputers and workstations. Today most portable
software packages are written for Unix platforms. However, one portability feature of
OASiS which was very successful was the use of a standard serial port for interfacing the
sieve to the host system. This feature was retained in the design of the MSSU to allow
the sieve to be easily and quickly connected to any suitable Unix workstation, obviating

the need for any special interface cards, like those required by UMSU.

The design of the MSSU hardware was significantly simpler than that of the UMSU
and OASIS sieves. Since most of the circuit complexity of the MSSU sieve is contained
within the VLSI sieve chips themselves, comparatively very little digital logic circuitry is
required when compared to UMSU and QASiS. This reduced complexity made feasible
the construction of a wire-wrapped 16-chip prototype, used to debug the hardware prior

to implementing the printed circuit boards used in the final version of the hardware.
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Feature UMSU OASiS MSSU
Year Completed 1982 1988 1993
Rings 32 fixed 16 variable 30 fixed
Number of independent sieves one one 1-32
Trials per second (millions) 133 215 192 (6144 aggregate)
Control CPU AMD 2901 Motorola 6801 Motorola 68332
Control CPU technology bit-slice 8-bit uP 32-bit pP
Interconnect technology wire-wrap 2-layer PCB 4-layer PCB
Circuit technology MSI MSI & LSI MSI & VLSI
Number of ICs ~ 500 ~ 300 34

Host interface 16-bit parallel 9600 baud serial 9600 baud serial
Filtering host-based host-based on-board
Host CPU PDP-11/45 #VAX-II Sun workstation
Host operating system Unix V7 VAX/VMS SunOS 4.1.x

Table 2.3: Comparison of Recent Electronic Sieves



Chapter 3

MSSU Hardware

This chapter describes the implementation of the MSSU hardware. This includes the
dedicated control processor, the sieve array circuit board, and the chassis in which the
MSSU is housed. The software components of the system will be described in the following

chapter(s).

3.1 Control Processor

The major factors considered in selecting a suitable processor for control of the MSSU
were: speed of computation, ease of programming and ease of interfacing to the SSU
devices. To prevent the functions of the control processor {from being a bottleneck a very
fast processor was required. An 8-bit microprocessor like the one used in the OAS;S
design would simply be overwhelmed by the amount of computation required. With
respect to ease of programming, should assembly language programming be necessary,
the author favoured a Complex Instruction Set Computer (CISC) over that of a Reduced
Instruction Set Computer (RISC). For high-level language programming, the availability
of high-quality development tools such as compilers and debuggers were the main concern.

Additionally, since the control processor would be required to interface directly to the SSU

34
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devices, the availability of certain on-chip input/output (I/O) interfaces would obviate

the need for the design and construction of complex external circuitry.

The nature of sieving is such that the greatest part of the processing time will likely
be devoted to multi-precise integer operations during solution filtering. To support the
128-bit or 256-bit integers required by the MSSU software, fast integer execution was
considered more important than the availability of fast floating point hardware. The
size of these integers suggested performance would benefit from a large processor word-
length of 32 bits or greater. Another useful capability is that of hardware multiply and
divide since multi-precise multiplies and divides can be easily synthesized from these

instructions.

The control processor that was selected for the MSSU is the Motorola MC68332, a
variant of the popular 680x0 family of microprocessors designed for use in embedded
control applications. The MC68332 is a high performance microprocessor which utilizes
the CPU32 core, an enhanced version of the MC68020 processor, with internal 32-bit

data paths and a 16-bit external data bus.

The CPU32 provides many features to enhance processing speed. The on-chip Arith-
metic Logic Unit (ALU) is based on the MC68030 processor, with full 32-bit address
and data paths, a barrel-shifter and fast multiply and divide instructions. The CPU32
implements a two word instruction pipeline, a prefetch queue, and a write-pending buffer
to reduce the bandwidth requirements over the 16-bit external data bus. A so-called
fast-termination feature allows two-clock memory access, whereby memory can be read
or written within two system clock periods. At 16.78 MHz the CPU32 benchmarks at
6742 Dhrystones (V1.1) per second, or approximately 3 million instructions per second

(MIPS).

The 680x0 family is based on a CISC architecture which dates back to the introduction
of the original device, the M68000, in 1979. The instruction set is not unlike that of the

VAX in that a rich number of addressing modes are available which behave in a consistent
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Figure 3.1: MC68332 Block Diagram

manner independent of the instruction being performed. The 680x0 instruction set is
considered well suited for assembly language programming, and in fact is often used for

teaching introductory assembly language programming to undergraduates.

The CPU32 supports many of the advanced addressing modes of the 680x0 architec-
ture, including the scaled index, 32-bit branch displacements, and address register indirect
with base displacement and index; to name a few. The instruction set enhancements in-
clude a 32-bit by 32-bit multiply instruction yielding a 64-bit result, with a corresponding
64-bit divide instruction. The only MC68020 instructions not implemented by the CPU32
are the bit-field instructions, the CALL and RTM instructions, the PACK and UNPK
binary coded decimal (BCD) instructions, and the CAS and CAS2 read-modify-write

instructions. Fortunately, these instructions are used infrequently in most applications.

The MC68332 processor provides many hardware features which make it ideally suited
for use as the MSSU control processor. It integrates numerous peripherals on-chip to im-
prove system throughput and reduce the external part-count (see Figure 3.1). The most
important of these, with regard to the MSSU, are the two on-chip serial interfaces. The

Serial Communications Interface (SCI) is an asynchronous serial interface used to imple-



CHAPTER 3. MSSU HARDWARE 37

ment the communication link between the Unix host system and the control processor.
The Queued Serial Peripheral Interface (QSPI) is a synchronous serial interface capable
of data rates in excess of 1 million bits per second suitable for data transfer between the

SSU devices and the control processor.

In addition to the on-chip serial ports, the MC68332 provides approximately 32 pro-
grammable parallel I/O pins which are available for control signals between the control
processor and the sieve array. Control registers are provided for each of the four ports
which determine whether the specified bit of that port is a general purpose input, or
output, or assumes some other function such as an external bus signal or interrupt input.
Since some of these pins are required for their other functions, only 18 parallel I/O pins

are available to interface to the MSSU sieve array.

The external bus interface provides a programmable chip select feature which elim-
inates the need for address decoding circuitry for external RAM or EPROM memory.
For applications requiring non-volatile memory, 2KB of very low-power standby RAM is

provided on-chip.

The MC68332 also provides a very versatile programmable timer unit known as the
Timer Processing Unit (TPU). However, since the programmable timer feature is not
required by the MSSU software, the control processor can be replaced by the somewhat
less expensive MC68331 microprocessor. The MC68331 is identical to the MC68332
except it replaces the complex TPU module with a simpler General Purpose Timer (GPT)

unit.

When the MSSU design was being finalized, the fastest CPU32 processors available
were rated at 16.78 MHz; however, at that time, 25 MHz parts were under development. It
was envisioned that the MSSU control processor would be upgraded as soon as these faster
parts became available. To allow for this future upgradability it was decided that the
functions of the sieve array and the control processor should be located on separate circuit

boards. Rather than design such a processor board from scratch, incurring additional cost
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and development time, a commercially available processor board, the Motorola 68332

EVS, was used.

The Motorola 68332 EValuation System (EVS) provides up to 64KB (kilobytes) of
fast static RAM, 32KB of slow static RAM, 64KB of user programmable EPROM, and
64KB of EPROM reserved for the CPU32BUG monitor/debugger software provided with
each kit. The fast static RAM devices have an access time of under 25 nanoseconds
allowing two cycle memory access using fast-termination bus cycles. The remaining 32KB
of RAM, which is not socketed, has an access time of 85 nanoseconds requiring two
wait states for every memory access. The EVS also provides an RS232 interface for the
asynchronous serial port, as well as access to all MC68332 on-chip resources such as the

QSPI synchronous serial interface and the parallel input/output pins.

Since the development of the MSSU, a second 68332 single board computer has become
commercially available. The Vesta SBC332 provides a 68332 processor board on a very
compact circuit board. The main advantages of the Vesta SBC332 over the Motorola
EVS are increased RAM and EPROM capacity and a socketed CPU chip. The standard
Vesta SBC332 has only a 16.78MHz processor, however this can be easily removed and
replaced with a 20 or 25MHz device. On the other hand, the 16.78SMHz MC68332 in the

Motorola EVS is not socketed and thus cannot be upgraded to a faster processor.

3.2 Sieve Array

The sieve array is composed of one or two sieve array boards each of which contains up
to 16 SSU devices, allowing for a maximum configuration of 32 sieve chips per MSSU.
Jumper settings are used to identify the sieve array board as either the first or second

board in a system.

Removable flat (ribbon) cables interconnect the required signals between the sieve

array board(s) and the control processor. Since processor boards such as the Motorola
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Figure 3.2: Simplified Schematic of the Sieve Array Board

EVS do not provide a single connector for accessing all of the desired 68332 signals, it
was convenient to use a wire-wrapped adapter board to mate the interconnecting cable
to the processor board. An adapter board also provides a mechanism for easily wiring a

future replacement processor, such as the Vesta SBC332, to the sieve array.

Each sieve array board contains: a high-speed clock, a single interrupt request output,
circuitry to identify sieve chips requesting an interrupt, a decoder to select an individual
sieve chip, and drivers which form an SSU bus which interconnects all the sieve chips on
an array board (see Figure 3.2). For most of the signals on the sieve bus to have effect, the
desired SSU chip must first be enabled via the decoder. This allows the control processor

to service interrupts on one SSU device, while the others continue sieving.

To determine which device requires interrupt servicing, the control processor can
determine whether board 0, or board 1, or both boards have pending interrupts. Unfor-
tunately, it can only retrieve the interrupt status of 4 sieve chips from one board at a

time, therefore, up to 4 probes may be required to find a pending interrupt. Ideally 16
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inputs should be used; however, the control processor simply does not have that many
parallel I/O pins. Eight interrupt inputs with differing priority levels are provided, but
from the standpoint of fairness, it is desirable to assign the same priority to all sieve
chips. As it turns out, multiplexing the interrupt status of 16 sieve chips onto 4 status
lines slows down interrupt processing very little and is the simplest scheme to implement

in hardware.

The sieve array board was implemented as a four-layer Printed Circuit Board (PCB)
consisting of two outer signal layers and two inner power planes. This is more costly
than the conventional two-layer PCB design, but it greatly simplifies the layout of the
board by eliminating the need to route power traces. The dedicated ground and power
(Vcc) layers provide excellent power distribution and the metal planes act as heatsinks
for attached components. By reserving the two outer hoard layers exclusively for signal
routing, the length of critical signal paths can be minimized and potential sources of

cross-talk avoided by the careful placement of traces.

Design of the sieve array was aided by the use of Tango PCB layout software. This
software runs on IBM PC-compatible microcomputers and can perform automated rout-
ing. A number of critical signals were routed manually, after which auto-routing of the
remaining signals was performed. The two or three connections which could not be auto-
routed were routed manually. Component placement was determined visually and by
trial-and-error, using the number of signals which could be auto-routed as a measure of

optimal placement.

In particular, great care was taken in the routing of the high-speed clock to each of
the VLSI sieve chips. The crystal oscillator and clock buffers were placed in the center of
the array board to minimize trace lengths. One clock buffer was provided for every four

adjacent sieve chips to provide adequate buffering.

Figure 3.3 shows the artwork on the component side of the final version of the PCB.

Connectors at the top left corner of the board are used to interconnect the sieve array to
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Figure 3.3: Sieve Array Board Layout

the control processor. A power connector at the lower left corner of the board connects

to a 5 Volt DC power supply.

Although the SSU devices were designed and tested with a maximum clock rate of 33
MHz, at this speed the chips require approximately 400ma of current and consume nearly
2 Watts of power. This is considered near the limit of power dissipation of the ceramic
48-pin DIP. Since power dissipation of CMOS circuitry is a linear function of switching
frequency, we limited the clock rate to 24 MHz to prevent the possibility of overheating
and to increase the long-term reliability of the devices. At 24 MHz the SSU device
draws approximately 250ma of current, equivalent to 1.25 Watts of power consumption,
enough to make the chip warm to the touch. To ensure adequate heat dissipation, two
black anodized aluminum heatsinks are bonded to the surface of each chip using a heat-
conductive glue. At 24 MHz the effective sieving rate of a single SSU device is 192 million

tests per second.
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3.3 Sieve Chassis

The control processor and two sieve array boards are housed in a rack-mount chassis
along with a power supply and six high volume cooling fans. The chassis is 19 inches
wide, 10.5 inches high, and 20 inches deep, weighing approximately 40 pounds. Chassis
sliders allow easy access to the chassis cover and interior of the unit by sliding the unit

in and out of the rack (see Figure 3.4).

The airflow in the chassis is directed across the length of the sieve chips to increase
heat dissipation. Three fans on one side of the chassis direct air into the chassis, while
the three fans on the opposing side expel air out of the chassis. To pack 32 sieve chips
into the chassis it was necessary to stack the sieve array PCBs; unfortunately this tends
to restrict the flow of air to the center of the bottom circuit board. This problem is

overcome by concentrating the airflow to this area of the chassis.

Since the dynamic power dissipation of the CMOS sieve devices increases with the
square of the supply voltage, the power supply voltage setting was carefully adjusted to
slightly less than 5V, yet within operating range, to minimize power dissipation. For
electrical safety, the sieve unit is fused and to prevent electrical noise on the power line

from entering the unit, a line filter was installed.

A power on-off switch and reset button provide the only external controls. Two LED
lamps on each array board are visible through a transparent front panel. A green lamp
gives indication that DC power is applied to the board. A red lamp is used to indicate
that an interrupt request is pending. Monitoring this lamp provides a good indication of

the processing load on the control processor.
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Figure 3.4: Two MSSU sieves (one extended from rack with cover removed).
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Chapter 4

MSSU Software: The Control

Processor Software

In order to present this material in a logical manner, the description of the MSSU software
has been divided into two chapters. In this chapter we detail the software which executes

on the control processor called SSUMon (SSU Monitor).

4.1 The Function of SSUMon

The main function of SSUMon is to supervise the low-level operations required for sieving;
this includes providing a means to load a problem onto the sieve, to initiate sieving, to
output solutions, and to stop sieving. Inherent in the process of producing solutions is
the ability to specify some filter function and have the control processor apply it to all

solution candidates.

Whereas earlier sieve designs such as OASiS relied on a multi-user host computer sys-
tem to perform the function of filtering, the MSSU utilizes a dedicated control processor

with obvious performance advantages. First, since no other processes are competing for
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resources, response time can be almost instantaneous with a dedicated control processor.
Second, by situating the control processor in close proximity to the sieve hardware, data
rates in excess of IMBPS can be reliably supported over inexpensive serial lines. Finally,
a fast control processor can rival the performance of a workstation at a fraction of the

cost.

To prevent the control processor from being the bottleneck in the performance of
the MSSU system, SSUMon implements many features to enhance speed and efficiency.
Computationally intensive code, such as filter routines, were carefully coded for maximum
speed. Instead of employing inefficient polling for solutions, SSUMon solution process-
ing is interrupt-driven, thereby reducing the latency from interrupt arrival to interrupt
servicing. A one solution pipeline is implemented so that solution processing can be per-
formed concurrently with sieving, enabling the sieve chips to generate the next solution

while the current solution is processed.

Like the previous UMSU and OASiS sieve systems, MSSU provides a checkpoint ca-
pability for use in detecting hardware errors. Checkpoints are also used to establish the
counter value to which sieving has progressed, so that if a hardware fault is detected,
computation can be rolled back to the location of the previous successful checkpoint. In
the case of the MSSU, the checkpoint is initiated by the host system, but is performed
locally by the control processor. This requires minimal transfer of data to and from the
host system. In the OASiS system, checkpoints are particularly time-consuming, as the
contents of all relevant hardware registers are first transferred to the host system where
all consistency checks are performed. Due to the amount of data involved, and the slow
data rate of the link between OASiS and the host computer, on average, checkpoints take
3-4 minutes to complete. An equivalent checkpoint operation in the MSSU system takes

2-3 seconds.

Another function of SSUMon is the implementation of capabilities in software which

are not available in the underlying hardware. For example, due to limitations of the VLSI
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technology used, the SSU devices contain rings corresponding only to the first 30 primes.
For some sieve problems, this necessitates a lot of post-processing to eliminate solutions
which would most likely have been rejected had a greater number of hardware rings been
available. To circumvent this limitation, SSUMon implements 20 additional virtual rings

which are emulated in software.

Finally, because MSSU is a parallel machine, SSUMon must implement mechanisms
which permit sieve problems to be easily adapted to the parallel architecture. To facilitate
this, SSUMon implements two different strategies for running sieving problems on the
MSSU. The first method is referred to as partitioning, or single-variable steving, and
allows a single sieve problem to be partitioned into sub-problems each of which is executed
in parallel on an SSU device. The second method is intended for multivariable sieving
whereby one distinct sieve problem is assigned to each SSU device and solutions over a

given range are output.

4.2 The Choice of Programming Language

One important decision in the design of the MSSU was the choice of programming lan-
guage for implementing the control processor software. The Motorola EVS provides a
cross-assembler named AS32 which uses a PC-compatible computer as a development
platform. This assembler is of the “no frills” variety, however it is reliable and provides
support for the complete CPU32 instruction set. For high-level language development,
there exist several commercial C cross-compilers which target the CPU32 processor. An-
other option is to adapt the free GNU C Compiler (GCC) which can, with some cus-
tomization, generate CPU32 code in a cross-compiler configuration. Regardless of the
language, it is necessary to employ cross-development on a Unix or PC platform since
it is not feasible to provide hardware support for a full-scale operating system with sec-

ondary storage on the control processor.

Due to the low-level nature of SSUMon, it was assumed that some routines, where
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speed of execution was critical, would have to be written in assembler for optimum per-
formance. However, it was unclear whether assembler should be used throughout, or used
in conjunction with a high-level language. The reduced code size generated by assembly
code versus compiler-generated code was considered an advantage, as RAM space on the
Motorola EVS is limited. On the other hand, the most obvious disadvantages of the

assembler approach are the difficulty of programming and the lack of portability.

At the time when the implementation language was being chosen, several commer-
cial C Language cross-compilers existed, however their reliability and functionality were
unknown, and their cost was considerable. Most cross-compilers provided language ex-
tensions or in-line assembler capability to perform low-level tasks, such as interrupt pro-
cessing. Unfortunately, it was felt using these features could result in non-portable code.
Furthermore, it was unclear which language extensions were necessary or desirable prior

to starting the implementation of SSUMon.

Use of the freely-distributable GNU GCC cross-compiler was examined, however this
would have required significant effort in customization for CPU32 code generation, sup-
port for the C standard library, and a suitable loader and linker. More discouraging,
however, was the news that 68K support in GCC was slated to be dropped in the near
future. At that time (1993), 68K support in GCC was suffering from “bit-rot” as the
majority of more recent development efforts had concentrated on newer architectures
such as the Power-PC and Alpha. Since that time, however, the situation has improved
dramatically with several CPU32-specific ports of the GCC cross-compiler and associated

tools being made available under the GNU General Public License.

Development of SSUMon began with small test programs written in assembler to test
the suitability of the MC68332 QSPI for interfacing with the SSU synchronous serial
interface. As the author became more familiar with the CPU32 architecture, concerns
about difficulty in programming in assembler diminished. And whereas the program-

mer has no control over software bugs introduced by a poor cross-compiler, by careful
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programming, the assembly language programmer can have total control over the qual-
ity of generated code. The design of the hardware was so closely tied to the Motorola
68332/68331 microprocessor and the QSPI interface that questions about portability were
rendered moot. Thus, development proceeded exclusively in assembler using the Motorola

AS32 cross-assembler.

One of the most problematic issues relating to the portability and maintainability of
SSUMon has to do with the difficulty in adding new solution filters. In the final design,
new solution filters must be written in assembler, certain internal SSUMon tables must be
updated to reflect the addition of the filter, and the new filter code must be incorporated
into the SSUMon object code. This is significantly more involved than writing a filter in
the UMSU or OASiS systems, because the filter now executes on the dedicated control
processor and not the host system. Unfortunately, little would have been gained by
using a high-level language such as C, since the filter code would still have to be cross-
compiled for the CPU32 and then somehow transferred onto the control processor. No
simpler mechanism to permit the use of (dynamically loaded) user-defined filters was
apparent. Nevertheless, writing a new solution filter is not as daunting as it may sound,
and the knowledge required by the programmer of the inner-workings of SSUMon or of

any subroutine linkage protocols is minimal.

4.3 SSUMon Overview

SSUMon consists of approximately 8,000 lines of CPU32 assembler, translating into ap-
proximately 28 kilobytes (KB) of object code. The code was written to be modular and
follow accepted software engineering techniques. A great deal of programming discipline
was employed to make SSUMon maintainable and reliable. All local variables are dynam-
ically allocated on the stack. All registers modified by a subroutine call are saved and

then restored on exit. Parameters are passed either via the stack or by CPU Tegisters.

In order to impose a logical structure which is both easier to understand and maintain,
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the SSUMon source code was organized into a number of code modules. Each module
corresponds to a file containing source code with similar routines or data. The names of

the these modules are listed in Table 4.1.

Module Description

GLOBDEFS Global definitions.

START Start of code execution.

RTNS332  Routines accessing 68332-specific resources.
INTERRUP Interrupt handler routines.

LOWLEVEL Low level routines common to various modules.
VLSIRTNS Routines which manipulate the SSU devices.
SIVRTNS  Pertaining to the logical sieve device.

FILTER Filter routines.

MONITOR  The SSUMon command interpreter.

IORTNS Input/Output routines.

STATIC Static data.

VARIABLE Variable definitions.

ROMSTART Boot code which copies EPROM to fast RAM.

Table 4.1: SSUMon Modules

4.3.1 CPU32BUG Resources

SSUMon is almost completely self-contained, however, it does make use of the Motorola
EVS CPU32BUG monitor software to provide routines to manipulate the SCI serial
interface. The CPU32BUG routines include InStat() which returns the status of the
input character buffer. InStat() also allows a program to determine if an input character
is present without actually inputting it. The routine InChr () is used to perform the actual
read. A corresponding OutChr() routine is used to output a single character. Buffered
I/0 is not provided, however the XON-XOFF protocol is implemented for flow-conirol.
This feature is utilized by the sieve system software to prevent loss of characters between

the control processor and the Unix host.

Another feature of CPU32BUG which is utilized by SSUMon is the boot-load feature.
On boot-up, CPU32BUG will automatically transfer control to an address specified in a
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user-customizable area of the CPU32BUG EPROM. This permits SSUMon code to reside
in EPROM located in a convenient area of the control processor address space. Although
it is easy to write code for the CPU32 which can be executed from read only memory (i.e.
ROMable code), the slow memory access time of the ROM makes it advantageous to first
copy the contents of the ROM to RAM, and then transfer execution to the faster RAM
memory. This scheme is utilized by SSUMon since EPROM is sub ject to 4 wait-states

per memory access on the EVS, while the fast RAM incurs no wait-states.

Reliance on these features of CPU32BUG does not imply that SSUMon is tied to use
of the Motorola EVS processor board. CPU32BUG can be easily customized to work
with just about any MC68332 CPU board, including the Vesta SBC332.

4.4 Implementation of Residue Optimization

One of the most important concepts in understanding the MSSU system is how residue
optimization is implemented. The MSSU supports a form of single-residue optimization
whereby one residue and one implicit modulus are specified per chip. With this method,
if a suitable congruence ¢ = A (mod M) exists, instead of sieving on  one can sieve on

Y, where z = My + A, and thus effect an M-fold speedup of sieving.

To specify single-residue optimization, SSUMon provides two variables named OPTMUL
and OPTADD, also referred to as the optimization registers. OPTMUL corresponds to the
modulus of the single-residue congruence used for optimization, while OPTADD corresponds
to the value of the residue. For example, in the pseudosquares problem, the congruence
¢=1 (mod 8) can be “optimized-out” by setting OPTMUL = 8 and OPTADD = 1. In this
case, SSUMon automatically transforms the ring data and counter value to assume only
solution values which are 1 (mod 8), for an 8-fold speedup in the sieving rate. Of course,
by setting OPTMUL = 1 and OPTADD = 0, residue optimization is effectively disabled and

sieving proceeds at the expected rate.
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4.4.1 Partitioning

The MSSU can perform a parallel form of single-residue optimization called partitioning
to achieve extremely high sieving rates. This mechanism can be used to divide a single

problem into a number of sub-problems executing in parallel on multiple sieve chips.

For example, the pseudosquares problem specifies the following congruences:

z=1 (mod 8)
z=1 (mod3)
r=1,4 (mod}5)
r=1,2,4 (mod7)

By combining these congruences into a single congruence, we have the equivalent congru-

ence having 6 residues modulo 8-3-5-7 = 840:
¢ =1, 121, 169, 289, 361, 529 (mod 840)

By assigning each of these residues modulo 840 to one sieve chip using single-residue
optimization, the MSSU can partition the pseudosquares problem to run in parallel using
6 sieve chips. The hardware sieve rate is increased by a factor of 840 over that of a single

sieve chip without single-residue optimization.

In the case of the pseudosquares, this idea can be extended by combining the congru-

ence modulo 11 with the above set to form 30 residues modulo 9240, etc.

4.4.2 The Counter

For each of the SSU devices, SSUMon maintains a COUNT variable which corresponds
to the current trial counter. Figure 4.1 shows the variables and operations involved in

calculating the COUNT value.
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Figure 4.1: Calculation of the COUNT Value

The SSUMon routine Hw2Cnt () is used to concatenate the 80-bit CNTROVF (counter
overflow), the 43 bits of the SSU hardware counter CNTR, and 3 bits derived from the 8-bit
SOLMASK (solution mask) to form the COUNTM value. The Optimize() routine is used to
multiply the COUNTM value by OPTMUL and add the OPTADD value to form the 128-bit COUNT
variable. If no overflow is detected from these operations, then COUNT will hold the value

of the solution.

Recall that the SSU has a solution window size of 8, so up to 8 solutions can be
detected at one time. Effectively, the hardware counter is counting up in multiples of
8. If no solution is present, the last 3 binary digits of COUNTM are considered to be zero.
However, for each solution detected, the lowest 3 binary digits of COUNTM will correspond

to the bit position (0-7) of a particular solution in the solution mask register.

The CNTROVF variable is merely a software extension of the SSU hardware counter.
Every time the hardware counter overflows the CNTROVF variable is incremented. Run-

ning at the maximum hardware sieving rate, we can expect the SSU counter to overflow
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approximately every 4.24 days of continuous sieving.

The COUNT variable is not only useful to calculate solution values, but also for deter-
mining how far sieving has progressed. For example, when an upper bound is specified
in a sieving problem, the sieve can be periodically halted, and the COUNT value compared
to the bound. If COUNT exceeds this bound, the sieve job has completed and should be

terminated.

For initiating a sieve problem, it is required to perform the reverse operation to that of
Figure 4.1. These two operations are somewhat asymimetrical, since the Hw2Cnt () routine
updates the COUNT and COUNTM variables based on the hardware registers; however, the
corresponding routine Cnt2Hw() updates CNTROVF, CNTR, and SOLMASK based only on the
COUNTM value. It really would not make sense to use the value of the COUNT variable
instead, and thus “hide” the underlying optimization, because the host system must be
aware of this process in any event to set the values of the optimization registers. If the
sieve problem is to start sieving at a counter value of S, then COUNTM must be initialized

to | S/OPTMUL| by the host.

4.4.3 Ring Loading

Before the residue information for a sieve problem can be loaded onto the SSU hardware
rings, the ring data must be organized in a specific manner. For SSUMon, the residue
information is specified as a string of 1675 binary bits where a binary “0” represents
an unacceptable residue, and a “1” represents an acceptable residue. The residues are
assigned for each ring starting with the largest hardware ring of size 113. Here the residues
are assigned sequentially from residue 0 to 112. This continues for each ring in turn, in
order of decreasing modulus, with the exception of the last four rings. The last four rings
correspond to the primes 7, 5, 3 and 2, but are actually of size 72 = 49, 5% = 25, 3% =9,
and 2* = 16 (see Figure 4.2).
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Figure 4.2: Layout of RINGDAT

Figure 4.3 shows how the ring data is transformed from the sequential ordering in the
RINGDAT variable, to the ordering required by the SSU hardware in RING. This operation
is performed by the routine Ring2Hw(). First, the binary information corresponding to
the 1675 residues which make up RINGDAT are converted to byte-oriented data for easy
manipulation. The data is then re-ordered according to the optimization register values
to support single-residue optimization. The ReOrder () routine is called once for each of
the 30 hardware rings which make up RING to perform this function. Next, the ring data
must be mapped to align the data with respect to the starting COUNTM value, and then
aligned again to assume the bit ordering required by the hardware rings. This too, must
be performed separately for each of the hardware rings. Once this is complete, it is again

converted to bit-oriented data and stored in the RING variable.

1674 0
RINGDAT ]

127
@94—{ COUNTM

1674 v 0

Figure 4.3: Operations on the Ring Data
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A pseudocode description of ReOrder() is given in Algorithm 4.1.

Note that if the implicit modulus (OPTMUL) is a multiple of a hardware modulus,
then all of the residues of that hardware ring will be set to acceptable. Effectively, that
hardware ring is “optimized-out” since it will not reject any solution candidates. In fact,
it is possible that the value of OPTMUL can be divisible by several of the hardware moduli,
thus eliminating several hardware rings from contributing to the sieving problem. Where
alternatives exist for the implicit modulus, the user should carefully consider the benefits
of increased sieving rate against that of maximizing the use of hardware rings to eliminate

solution candidates.

Algorithm 4.1 Ring Re-Ordering

FUNCTION ReOrder(OptMul,OptAdd, Cong) RETURNS Congruence ;
INPUT OptMul : Int32 ;

INPUT OptAdd : Int32 ;

INPUT Cong : Congruence ;

¢t : Int32 ;
loop : Int32 ;
residues : Array of Residues;

1« OptAdd mod Cong.Modulus ;
FOR loop + 0 TO (Cong.Modulus — 1) DO

residues(loop] «— Cong.Residues[i] ;
i (i + Opt Mul) mod Cong.M odulus ;

ENDFOR
{Copy the re-ordered residues back to the congruence}
FOR loop «+ 0 TO (Cong.Modulus — 1) DO

Cong.Residues[loop] — residues[loop] ;

ENDFOR
RETURN (Conyg) ;

End of Algorithm
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4.5 Checkpoints

Two approaches were considered in the design of the SSUMon checkpoint mechanism.
Checkpoints could be initiated locally by the control processor’s making use of the on-
board programmable timer facility. Or, alternatively, checkpoints could be initiated by
the host system by a sequence of SSUMon commands. The latter approach was chosen
for two reasons. First, the checkpoints need to be logged in the problem file, and it is
natural that this should be initiated by the host. Second, various routines for determining
the date and time and for scheduling various events (alarms) were available on the Unix

host system, but most of these would have to be written for use on the control processor.

A checkpoint operation involves several separate SSUMon commands. First, the host
must halt the sieve, and then the state of all hardware registers must be read for each
enabled chip. Next, the consistency check portion of a checkpoint is required to deter-
mine whether a hardware fault has occurred. After this, the host issues a command to
determine the count value for which sieving has completed. The random nature of siev-
ing problems means that some sieve chips will have progressed farther in the sieving, as
others are slowed by more frequent solution candidates, or perhaps solution candidates
which are more time-consuming to filter. The lowest count value from all of the enabled
chips is returned. At this point, if no hardware errors were encountered, the host system
will restart the sieve from the point were sieving last left off. Should errors be detected,
sieving will restart at the counter value of the last successful checkpoint maintained by

the host software.

To perform a checkpoint the current value of RING is compared to that expected by
calling Ring2Hw () with the initial residue information stored in RINGDAT, the present value
of COUNTM and the optimization registers. If there is any discrepancy, then a hardware
error has occurred, and an error message of the form “E-CHECKPOINT FAILED n
BYTE(S) DISCREPANCY, CHIP m” is generated.

Two types of error are possible. First, the hardware counter may have miscounted.



CHAPTER 4. MSSU SOFTWARE: THE CONTROL PROCESSOR SOFTWARE 57

This likely will cause a large number of bits to be found in error during a checkpoint.
Second, one or more bits could have been “flipped” while they were being shifted in the
ring hardware. In either case, it is highly unlikely that an error can occur without being
detected by a checkpoint, particularly since over 1675 bits are being tested. The chances
of a hardware fault going undetected are even further decreased by regularly performing

checkpoints.

4.6 SSUMon Variables

SSUMon requires a number of variables to maintain the state information of the MSSU.
The variables are divided into two main categories. The first group consists of per-chip
state information listed in Table 4.2. The second group of variables are common to all
of the sieve chips and contain information pertaining to the system as a whole. These

variables are listed in Table 4.3.

The status of each individual sieve chip is stored in a data structure called the Sieve
State Information (SSI). SSUMon commands are provided to read and write many of
these variables, while other commands access these values indirectly. Internally, SSUMon
can quickly access this data by using the routine Index() which is passed a chip number

from 0 to 31 and which returns a pointer to the structure.

Additional global information which must be maintained by SSUMon is listed in
Table 4.3. These variables affect all of the sieve chips in an MSSU system. The variables
BOARD, CHIPSEQ, IRQLSTO, IRQLST1, and PIPED, are maintained by SSUMon itself and
are not readily accessible by the user. For changing the values of the remaining variables,

SSUMon commands are provided.
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Variable Description

COUNT Count corresponding to a solution candidate.
COUNTH Master counter value.
CNTR Hardware counter value.

SOLMASK  Solution mask.

CNTROVF  Overflow counter for hardware counter.
OPTHUL  Optimization register multiply value.
OPTADD  Optimization register add value.
RINGDAT Ring data for SSU in sequential order.
RING Ring data for SSU in hardware order.
SOLCNT  Solution count.

SOLLMT  Solution limit (currently not used).

Table 4.2: Sieve State Information (SSI)

Variable Description

BOARD Used by Which().
CHIPSEQ Sequence in pipeline.
ENABVEC The enable vector.
IRQLSTO Used by Which().
IRQLST1 Used by Which().
OUTMODE Output mode.
PBPARM  Problem parameter.
PIPED Pipeline flag.
POSTFNM  Post-filter name.
PREFNM  Pre-filter name.
VRINGS  Virtual ring data.

Table 4.3: Sieve Global Variables

4.6.1 The Enable Vector

Since not all of the SSU chips in the MSSU system may be required when running a
particular problem, some method is required to enable or disable them. This is the
purpose of the Enable Vector (ENABVEC), a 32-bit array where a logic “0” value is used
to identify an inactive SSU chip, and a “1” indicates that the corresponding chip is

“enabled”.

The value of ENABVEC affects many of the SSUMon commands. For example, when a
checkpoint is performed, only the enabled chips take part in the checkpoint. Also, many

commands check that a chip is enabled before executing and will return an error message
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if it is not.

4.6.2 The Output Mode

The value of OUTMODE is used to select one of three possible formats for the output of
solutions: D, H or S. The default mode, D, outputs solutions in decimal, convenient for
human readers. Hexadecimal (H) is also provided as a faster, more compact mode of
output, intended for computer hosts. The third option does not output the solution
values at all. This mode is intended for solution counting mode, whereby a count of the

number of solutions encountered is maintained in the Sieve State variable SOLCNT.

4.7 SSUMon Command Set

SSUMon recognizes and executes a number of commands input via the asynchronous serial
port (see Table 4.4). All commands take a fixed number of parameters (0, 1 or 2) with no
intervening whitespace on a command line. Values representing SSU registers or SSUMon
variables are represented by hexadecimal character strings, with the exception of OUTMODE
and the filter names which are specified as alphanumeric strings. Some commands also

return a result in the form of a hexadecimal or an alphanumeric string.

Many commands require that a chip specification be provided as a parameter. To
specify one of the 32 possible sieve chips, a two character hexadecimal string is used
corresponding to a number from 0 to 31 (00-1F). Some commands allow a form of wildcard
specification, interpreting the character * to signify that the operation be applied to all
enabled chips, as per the enable vector. Two commands in particular, perform very useful
functions when used with this wildcard specification feature. The CK* command performs
a hardware consistency check for all enabled chips, and the CN* command returns the

least COUNT value for all enabled chips. The host need only perform these two commands



CHAPTER 4. MSSU SOFTWARE: THE CONTROL PROCESSOR SOFTWARE 60

Command Description

! Halt the sieve.

CK Perform consistency check.

CN Read COUNT value.

CR,CW Read/Write COUNTH value.

EN Set Enable Vector.

EX Exit SSUMon.

FI Specify filters.

GO Enter Run state.

LO Load sieve.

oM Specify output mode.

OR,OVW Read/Write Optimization Register.
PP Specify Problem Parameter.

RD Output RING data.

RE Reset sieve.

RR,RW Rea.d/Write RINGDAT data.
SR,SW Read/Write Solution Registers.
ST Read Enable Vector.

UL Unload sieve.

VR, VW Read/Write Virtual Ring data.

Table 4.4: SSUMon Commands

to perform a checkpoint operation for the entire system.

4.7.1 Host Communication Protocol

Since it is useful for debugging purposes to use SSUMon from a dumb terminal, the
communication protocol that is used between SSUMon and the host system was kept
very simple. All commands to SSUMon are one or two characters long, some followed
by a parameter string. All command lines are terminated by a carriage return. SSUMon
always responds with a carriage-return and line-feed character pair to start each line
of output. The purpose of the carriage-return and line-feed characters is to make the
output readable on a standard terminal. Output will consist of zero or more lines of
status messages terminated with a colon (:) character. The colon character doubles as
an SSUMon prompt character for human readers, as well as an end of message character

for computer hosts.
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Each status message is preceded by a one character code (see Table 4.5). I indicates
an informational message which the host system may choose to ignore. Errors are always
preceded by the character E and generally indicate that some further action is required
by the host to respond to the error. Some commands request data from SSUMon, these
responses are preceded by the letter D. The final message type is reserved for solution

messages which are preceded by S.

Type Description

D Data value or status code (Halt state only).
E Error condition occurred.

I Informational or warning message.

S Solution value (Run state only).

Table 4.5: SSUMon Message Types

The XON-XOFF software handshaking protocol is employed to ensure that data to
and from the host system does not overrun serial I/O buffers. This enforces flow-control
when either the control-processor or the host system are too busy to process the incoming
data stream. Even at the rather modest baud rate of 9600 baud, it is not uncommon for

the control processor to present data to the host faster than the host can process it.

It was decided not to employ a full-blown end-to-end communication protocol because
of the overhead it would incur. Error-checking is provided at two levels. First, the number
of solutions generated can be compared to the value of the SOLCNT variable to ensure that
none were missed. Second, by the very nature of sieving problems, solutions are generally
quite rare and must satisfy a number of congruence relations; thus, it is highly unlikely
that a corrupted solution containing some digits in error will pass a verification test

employing the initial congruence conditions.
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4.7.2 The Reset Command

The purpose of the Reset command is twofold: to perform a hardware reset of the sieve
hardware and to set all internal variables to their defaults. This command should be
executed at the beginning of every sieve job to return the system to a known state and
prevent previous settings from affecting later jobs. After a reset, all of the Sieve State
Variables and the SSUMon global variables are set to zero, with the exception of OUTMODE
which is set to D, and the prefilter and postfilter which are both set to NULL.

4.7.3 Sieve Loading and Unloading

Whenever the value of an SSI variable is changed by an SSUMon command, only that
specific SSUMon variable will be updated. For example, for a CW (Counter Write), only
the COUNTM variable will be updated; the value of the SSU hardware registers will be
unaffected. To propagate the change to other affected software variables and hardware
registers, the Load Command (LD) is provided. A load operation will, for all chips, call the
Cnt2Hw() and Ring2Hw() routines to update the necessary variables and the hardware

registers based on the settings of COUNTM, RINGDAT, and the optimization registers.

Similarly, before an operation such as a consistency check can be performed, it is
necessary for the hardware register values to be read and the SSI to be updated corre-
spondingly. This operation is termed sieve unloading, and is very much the reverse of the
load operation. Undoing the work of its counterpart, the UL (unload) command invokes
Hw2Cnt() to update variables based on the SSU register values. However, to prevent
the overwriting of the initial residue information RINGDAT, no analogous Hw2Ring() rou-
tine exists. The value of RINGDAT can only be changed by an explicit RW (Ring Write)

command.
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4.7.4 The Run and Halt States

At any moment, the sieve is either in the run state or the halt state. In the run state,
the MSSU hardware is sieving, SSU devices are in solution mode, candidate solutions are
processed by SSUMon, and any solutions are output as solution messages. Responding to

unexpected conditions, SSUMon may output informational messages or error messages.

The only command recognized by the command interpreter in the run state is the
single character (!) halt command. When the halt command is received, hardware sieving
is stopped, sieve chips enter command mode, and a sieve unload operation is performed
to update the SSI. The MSSU is now in the halt state, and all SSUMon commands are

recognized by the command interpreter.

In the halt state, the host processor can execute commands to load the hardware
registers with a new sieve problem or perform operations such as a checkpoint on an
existing problem. To start or resume sieving, the host will execute the GO command. The
GO command causes a load operation to be performed, the sieve chips to enter solution

mode, and the MSSU to enter run mode.

Because the GO and ! commands perform load and unload operations indirectly, the
host need not perform LO and UL commands explicitly. Nevertheless, the LO and UL

commands are provided for debugging purposes.

4.8 Solution Processing

SSUMon solution processing is interrupt-driven. A maskable, level 6 hardware interrupt
is generated by the sieve array board whenever a solution is pending for a sieve chip.
The SSUMon interrupt handler first calls the Which() subroutine to determine which
chip requires servicing. In the case of multiple outstanding interrupts, Which() applies a

fairness criterion to select which outstanding interrupt request should be serviced next.
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Then, the interrupt handler will invoke a routine to retrieve the hardware trial counter

corresponding to the solution value and update the SSI.

A one-deep solution pipeline is maintained for each sieve chip to permit the processing
of a solution to overlap with sieving for the next solution. Thus, once a solution has been

stored in the SSUMon variables, the sieve chip is restarted to continue sieving.

4.8.1 QSPI Routines

The QSPI routines are used to read and write the SSU hardware counter and ring registers
using the MC68332 synchronous serial interface. They are invoked whenever SSUMon
commands are executed to read or write hardware registers, and in the case of the hard-

ware counter, also invoked during solution processing.

A single routine is used to simultaneously read the current contents of an SSU register
into an incoming data buffer and to update it with a new value stored in an outgoing data
buffer (see Figure 4.4). In order to perform a non-destructive read, two operations must
be performed. The same buffer must be used for the incoming data buffer for the first
QSPI operation and as the outgoing data buffer for the second operation. This ensures

that the data stored in the register initially is restored.

OUTGOING INCOMING
DATABUFFER — > F}\EG'STER B> DATA BUFFER
SHIFT CLOCK

Figure 4.4: Simultaneous Read and Write of SSU Registers

The reason that this read operation is destructive is a function of the hardware.
The SSU registers are implemented as serial shift registers where data is simultaneously
clocked into the registers as data is clocked out (see Figure 4.4). Circuitry could have been

used to recirculate the data for non-destructive reads; however, as we shall see, because
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the SSU counter registers must be read and then written during solution processing, this

additional circuitry is not needed.

The routine to read and write the SSU hardware counter and solution mask is named
ScanCtr(). It simultaneously reads and writes the 52 low-order bits from 7-byte buffers.
This includes 8 bits of the solution mask SOLMASK, 43 bits of the counter, and 1 bit for
counter overflow held in CNTR. The counter data must be read every time a solution or
counter-overflow is detected; but before the sieve chip can be restarted, the solution mask
or counter overflow bit must be cleared. This is accomplished by reading the contents of
the counter into a temporary area, clearing the necessary bits and writing this data to

the sieve chip. This requires that ScanCtr() be executed twice for every interrupt.

Since ScanCtr() is invoked twice for every solution detected by the MSSU hardware,
great care was taken in coding this routine. All loops were unrolled and data move-
ment instructions were carefully selected for maximum speed of execution. Successive
refinement has produced a version of ScanCtr() which executes in very few processor

cycles.

The routine ScanRng() is used to read and write simultaneously the low order 1675
bits from 210 byte buffers. Since this operation is performed only during the loading of
a problem or during a checkpoint, it is not necessary for ScanRng() to be particularly
fast. The performance penalty resulting from the additional write operation after the

destructive read is inconsequential.

4.8.2 The Which() Routine

The Which() routine is used to determine which of the SSU chips with pending interrupts
should be serviced next. Which() maintains three variables to enforce a round-robin
priority on pending interrupts which are intended to allow for a fair distribution of the
control processor among the set of sieve chips. The variable BOARD takes on the values 0

or 1 corresponding to the array board which was last serviced. Two additional variables,
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TIRQLSTO and IRQLST1, store the value of the chip number which was last serviced for

respective array boards.

When Which() is invoked, the BOARD variable is incremented modulo 2. The status of
the interrupt request outputs for the 16 sieve chips on the corresponding board are input.
If there are no pending interrupts for this board, the BOARD variable is again incremented
modulo 2, and the status of the interrupt request outputs for that board are retrieved.
A search for the chip number of an interrupt request is performed modulo 16, starting
from the position of the last interrupt serviced as specified by the IRQLST variable of
that board. This enforces a circular ordering which prevents an SSU device from being

serviced twice on consecutive interrupts unless there are no other interrupts pending.

4.8.3 Solution Pipelining

To implement the one-deep solution pipeline, solution processing was divided into two

stages: the retrieval of a solution, and the processing of that solution.

The routine GetSoln() is used to retrieve the SSI for a chip which was determined
to have generated an interrupt by Which(). GetSoln() then determines whether the
interrupt was caused by a counter overflow or by the solution detector. If a counter
overflow occurs, it is processed immediately and sieving is resumed. If a solution is
detected, the status of the PIPED variable is tested to determine whether a previous
solution is still pending in the pipeline. If PIPED is not set, then the SSI is updated from
the hardware registers, and the sieve chip is released to resume sieving. If PIPED is set, an
unprocessed solution is currently being stored in the SSI which must be processed first,
before the new solution can be processed. This is called a solution collision because two

solutions are outstanding for one sieve chip.

The routine ProcSo1() is used to process a solution. ProcSol() can be called directly
by GetSoln() in the event of a solution collision, but usually it will be invoked in the

main solution loop of SSUMon. The solution loop repeatedly tests for the presence of
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solutions by monitoring the status of the PIPED variable. Here, the variable CHIPSEQ is
incremented modulo 32 to enforce a round-robin ordering on the processing of solutions.
Thus a fair distribution of resources is enforced at two levels: at the time of a solution

interrupt and at the time of retrieving solutions from the solution pipeline.

ProcSol() examines the SSI to determine whether multiple solutions are present (re-
call there are 8 solution taps). If multiple solutions exist, they are processed in numerical
order. ProcSol() invokes Hw2Cnt () to determine the solution value of each solution. The
two filter subroutines specified by PREFNM and POSTFNM are then invoked. If the solution
passes both filters, it is output by the routine OutSoln() using the output mode specified
by OUTMODE. OutSoln() also outputs the chip number of each solution so that solutions

can be associated with the generating sieve chips.

Note that since MSSU is a parallel machine, the solutions output by SSUMon will not
necessarily be sorted, because not all sieve chips will count up at exactly the same rate.
It is the responsibility of post-processing software to ensure that solutions are in sorted

order.

4.8.4 A Responsive Halt Mechanism

For proper functioning of the host software, it is very important that SSUMon provide a
responsive halt mechanism to suspend sieving. The host software requires that SSUMon
respond to a command within some reasonable time-out period. If the halt mechanism
took several minutes to respond, users would have intolerable delays in terminating sieve

jobs, and checkpoints would not be performed at the desired intervals.

Ideally, the SCI routines used to send and receive information from the host sys-
tem should have been interrupt-driven, preferably at an interrupt level higher than so-
lution interrupts. This would have enabled a halt command to have precedence over
any solution processing. Unfortunately, the current implementation of SSUMon utilizes

the CPU32BUG routines which are not interrupt-driven and thus requires polling using
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InStat() to test for the presence of the halt character (!).

An early version of SSUMon implemented the halt mechanism poorly, causing it not
to respond to a halt while interrupts were pending. When running problems having high
candidate solution rates, such as the pseudosquares problem, starting from a low search
bound, where the number of false solutions (perfect squares) is so great that filtering is
the bottleneck in sieving, halt commands were ignored for ten minutes or more. Under
these conditions, SSUMon would not execute the command to call InStat() to test for
the presence of a halt command until control was relinquished by the interrupt service

routine.

The solution to this problem was to ensure that Instat() be invoked at least once for
every N solutions (currently, N=16) to test for the presence of a halt request. Although
this method degrades performance of the system to a small degree, since the processor
must now test for the presence of a halt far more frequently, it ensures that a halt request

is acted upon almost immediately.

4.9 Filter Routines

Solution filters are selected by the user from a pre-defined set of filter routines using the
specify filters command FI. Each filter is identified by a unique four letter filter name,
a list of which is maintained by the system. If a filter name is specified which is not
recognized, SSUMon will display an error message. The available filters are shown in

Table 4.6.

The virtual ring filter VIRT is available to emulate 20 fixed size rings in software which
are not available in hardware. This increases the number of rings which can be supported
from the first 30 prime numbers provided by the SSU hardware to the first 50 prime

numbers (< 229). Since we expect the virtual filter to be specified for many sieving
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Filter Description

ERDO  Erdos-Selfridge function.

ICUB Is a perfect cube.

ISQR Is a perfect square.

NULL  All solutions accepted.

PBPM  Strong pseudoprime to base 2 (spsp(2)) test.
PBP2  Probably twice a prime (spsp(2)).

PCUB  Not a perfect cube.

PSQR  Not a perfect square.

QDPM  Probable quad (0-2-6-8) prime (spsp(2))-
TRPM  Probable triple (0-2-6) prime (spsp(2)).
TWPM  Probable twin-prime (spsp(2)).

VIRT  Virtual rings.

Table 4.6: SSUMon Filters

problems, it is necessary to provide the capability to specify a second filter for solution
filtering in the traditional sense. To differentiate between the two, the filters are named
the prefilter and the postfilter according to the order in which they are applied. For some
problems the order in which filtering is performed can affect performance, thus the user

should be conscious of the filter order.

If no filter is required the user can specify the NULL filter which passes all solution
candidates. Although the same filter can be specified as both the prefilter and postfilter,

the only time when such a combination may be useful is when both filters are NULL.

Since some filters consist of a function based on some parameter of the problem,
SSUMon provides a 32-bit signed binary variable, named the Problem Parameter (PBPARM),
which is settable by the user. For example, the ERDO filter which filters out invalid solu-
tions to the Erdds-Selfridge function, requires that a value of the parameter k be assigned
to the problem parameter variable PBPARM. Currently, SSUMon allows only one parameter

to be specified for all sieve chips.

Each filter routine is passed a 128-bit solution candidate value. The only accepted
return values are pass, when the solution satisfies the filter requirement, or fail, in which

case the solution candidate is discarded. The result of filtering can be thought of as
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the logical and of the prefilter and the postfilter. A solution is considered to be a valid

solution only if it passes both filters.

4.9.1 The Virtual Filter — VIRT

Algorithm 4.2 The Virtual Filter (4 Rings Shown)

FUNCTION Vz'rtFil(Count,Ringl,Ring2,Ring3,Ring4) RETURNS Flag ;
INPUT Count : 128-bit integer (Solution candidate) ;

INPUT Ringl, Ring2, Ring3, Ring4 : Virtual rings ;

OUTPUT : PASS or FAIL ;

Rem : 32-bit integer ;

Rem « Count mod (Ringl.size X Ring2.size X Ring3.size X Ring4.size) ;
IF Ringl.residues|[Rem mod Ringl.size] # ACCEPTABLE THEN

RETURN (FAIL) ;

IF Ring?2.residues|Rem mod Ring2.size] # ACCEPTABLE THEN
RETURN (FAIL) ;

IF Ring3.residues|Rem mod Ring3.size] # ACCEPTABLE THEN
RETURN (FAIL) ;

IF Ring4.residues|Rem mod Ring4.size] # ACCEPTABLE THEN
RETURN (FAIL) ;

RETURN (PASS);

End of Algorithm

The virtual rings filter provided by SSUMon emulates 20 rings corresponding to the
primes 127 through 229. Thisis a total of 3524 residues which must be stored for each chip.
Although it is almost always fastest to manipulate binary data represented as individual
bytes as opposed to accessing individual bits, it would require 3524 - 32 = 112768 bytes

of memory to store the residue information. Instead, SSUMon allocates an array of 3524
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longwords where each bit of the longword corresponds to a residue for each of the 32 sieve

chips. This incurs a small performance penalty, but requires only 14096 bytes of storage.

Much of the computation in the VIRT filter involves remainder operations to calcu-
late the residue classes of the solution for each of the virtual moduli. Since calculating
the remainder of a 128-bit number is expensive, VIRT groups the virtual rings/moduli
into groups of 4 to reduce the number of 128-bit remainder operations which need to be
performed. We describe this technique by using the pseudocode shown in Algorithm 4.2.
Note that the temporary value Rem is calculated using a 128-bit remainder operation
yielding a 32-bit result. This precomputation allows the following operations to be per-
formed using only 32-bit remainder operations. This is a significant savings over the

obvious approach using four 128-bit operations.

More information on various filters found in SSUMon can be found in Appendix B.



Chapter 5

MSSU Software: The Host

Software

This chapter describes the software which executes on the Unix host system. In addition
to the program which is used to run sieve problems on the MSSU, a number of ancillary

programs are described.

5.1 Host Software Overview

Users interact with the MSSU via the sieve command which is part of the MSSU Sieve
Management Software (SMS). The SMS maintains a queue of sieve problems and controls
the loading, running and termination of sieve jobs. Users can add a sieve problem to the
queue, terminate the current sieve problem, and display the status of the queue via the
sieve command. The program code to implement the SMS is organized into four main
code modules: the sieve command mainline, the sieve daemon, the problem file parser,

and the sender module (see Figure 5.1).

72
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Figure 5.1: The Sieve Management Software

Sieving problems are specified to the system using standard Unix text files called
problem files. Problem files contain the system of congruences to be solved plus additional
parameters of the problem, such as the sieving range. Users can prepare these files
manually using a Unix editor such as vi or write a program called a problem generator

to generate the file.

Information about the sieve problem is extracted from the problem file by the problem
file parser module. Whenever a user submits a problem file for execution, the parser
must first verify that the problem file contains no syntactic errors and that a number
of additional rules are followed. If no errors are detected, a data structure is returned

containing the congruence information and the parameters specified in the problem file.

The sieve command mainline acts merely as an interface between the user and the
underlying system. Much of the actual work of the host software is carried out by the sieve
daemon process. The daemon process executes in the background and conducts a dialog

with the SSUMon software executing on the control processor via the sender module.
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Any errors encountered are automatically logged to an error log since the daemon has no

controlling terminal to which it can output error messages.

The sender module communicates with the SSUMon software over a standard Unix tty
port. It oversees the loading of the problem data onto the sieve hardware, the performing
of checkpoints, and collects the solutions generated and places them at the end of the
problem file. When a sieve problem completes, the sender will inform the sieve daemon

to dequeue a new problem file from the job queue.

In addition to the sieve command, a number of ancillary programs are provided.
These include stat which checks for syntax errors and displays statistics about problem
files, pull which is used to extract a list of solutions from the problem file, and talker
which is used to enter SSUMon commands to the control processor directly, bypassing

the sieve daemon.

5.2 Format of Problem Files

The MSSU problem file format is based on the format used by the OASIS system. This
permits OASiS problem files to be easily converted for use on the MSSU.

A number of problem file keywords are defined to denote the various sections of the
problem file or identify problem file parameters. These keywords can be specified in either
upper or lower case. The space, tab, and newline characters are treated as whitespace
characters by the parser. Comments are line-oriented, with text following a comment
character ! (exclamation point) treated as a comment up to a matching comment char-

acter, or until the end of line.

A problem file is divided into 4 sections. The first is the PROBLEM section, which
specifies a name for the sieve problem; the second is the CONGRUENCES section which
describes the congruences to be used for sieving; and the third section is called PARAM-

ETERS which specifies values to be used for parameters such as the starting trial counter
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value, the interval between checkpoints, and the names of the solution filters, to name
a few. The final section is reserved for output generated by the sieve software and is
called the LOG section. Here, solutions and system-generated messages are logged with

timestamps giving the elapsed time since the sieve job was submitted.

5.2.1 PROBLEM Section

Like the OASiS problem file format, the sieve problem name is limited to 32 characters.
Although the user can choose to use any name he or she desires, the intention of the
problem name is that it be a meaningful mnemonic for describing the sieving problem.

PROBLEM problem.name

5.2.2 CONGRUENCES Section

The CONGRUENCES section specifies the congruences of the sieving problem. This
section immediately follows the PROBLEM section. Congruences are specified using the
form:

keyword ( modulus; : residue, residuey ... residue,, ; )

The modulus can assume any value in the range 2 to 232 — 1. While, residues can
be any value from 0 to modulus — 1. At least one residue must be épeciﬁed for each
congruence. A range of residues such as 1, 2, 3...6 can be specified with the shorthand
form of “1:6”. Residues may appear in any order, however, repeated residue values are

not permitted. As well, no two congruences can have the same modulus value.

Three different types of congruences can be specified using the keywords HARDWARE,
VIRTUAL, and PARTITION. The hardware congruences are sieved using rings on the under-
lying sieve hardware. On the other hand, virtual congruences are congruences which are
not supported by the hardware, but can be emulated in software on the control processor.

Congruences specified by the keyword PARTITION are used to parallelize the execution of
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the sieve problem in such a way that these congruences need not be tested in hardware

nor software.

Hardware congruences have moduli corresponding to the first 30 primes, 2 through
113. The primes 11 through 113 are directly supported by the underlying SSU architec-
ture, as are the prime powers 16, 9, 25 and 49. The host software will also accept the
modulus values 2, 4, 8, 3, 5, and 7 and map those to prime powers supported by the

hardware.

Because the hardware congruences are likely the most common congruence type to be
specified, the keyword HARDWARE and the enclosing brackets are optional when specifying
hardware congruences. To ensure that there is the possibility of solutions being generated
by the hardware, the system requires at least one hardware partition to be specified.

Otherwise, an error message will result.

The VIRTUAL keyword is used to specify congruences whose moduli are a prime value
between 127 and 229 inclusive. These congruences will be tested using virtual rings
emulated in software if the user specifies the VIRT filter in the parameter section of the
problem file. If the VIRT filter is not specified, none of the virtual congruences will be

sieved, and the virtual congruences are effectively treated as comments.

Congruences denoted by PARTITION are used to specify parallel execution of a sieve
job and are explained in detail in the following section. Unlike the hardware and virtual
congruences, a partition congruence can assume any value between 2 and 232 — 1 such

that the product of the moduli of the partition congruences is less than or equal to 232—1.

5.2.3 Specifying Parallel Execution of Sieve Jobs

To take full advantage of the parallel architecture of the MSSU system, two new methods
of specifying congruences were developed. These are called partitioning and multi-variable

sieving.
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Partitioning (Single Variable Sieving)

Partitioning allows the user to partition, or divide, a single sieving problem into a number
of sub-problems, each of which executes on a separate sieve chip. Partitioning is specified
in a problem file by use of the keyword CONGRUENCES followed by the specification of
the satisfying congruences. Partitioning requires that the user specify a single partition
congruence, whose number of residues is less than or equal to the number of available sieve
chips. To identify the congruences which make up the partition congruence, the keyword
PARTITION is specified for one or more congruences (see Figure 5.2). When multiple
congruences are specified, the host software combines these to form an equivalent single

partition congruence.

PROBLEM PS30

CONGRUENCES

! 0! PARTITION( 8:
! PARTITION( 3:

! PARTITION( 5:

! PARTITION( 7:

! PARTITION( 11: i 3 4 5 9; )
] .

!

i

[ AW

13: 1

17: 1

19: 1

17;

! 23: 1
13 1
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(e 2] s s (o]
©
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w
—-
«
[y
»

7 9 11 16

w ~NO O WN =

N N w

! 45 ! VIRTUAL( 199: 1 2 4 5 7 8 9 10 ...

PARAMETERS
RECORD FROM O
TO 10000000000000000000
PREFILTER = ’VIRT’
POSTFILTER = ’PSQR’
CHECKPOINT INTERVAL = 60 MINUTES

LOG

Figure 5.2: Partitioning Example

In Figure 5.2, we show a sample file corresponding to the Psuedosquares problem.

The smallest 5 moduli are combined into a partition congruence consisting of 30 residues
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modulo 9240. In addition to specifying the remaining 25 hardware rings, a number of
virtual congruences were specified (only the modulus 199 is shown in Figure 5.2). The
resulting sieve problem will utilize 30 sieve chips operating in parallel. The parameters
section specifies: start and stop values, a perfect-square filter, a virtual ring filter, and

that checkpoints be performed at hourly intervals.

Multi-Variable Sieving

The second method provided by the MSSU host software for executing parallel sieve jobs is
called multi-variable sieving. In this case, a separate set of congruences is specified for each
chip used (see Figure 5.3). This allows each sieve chip to execute a completely different
sieving problem, however sieving parameters such as the solution filter are common to all

chips.

PROBLEM sotc3p2

CHIP=0

! d=3, m=2 !

2: 01 ;

3: 2

5: 024 ;

7: 356 ;

11: 1 3 46 8 10 ;

13: 134789 10 11 12 ;

17: 3 458 11 12 13 15 16 ;

19: 0 2 3 8 12 14 18 ;

CHIP=31

! d=3, m=137 !

PARAMETERS
RECORD FROM O
TO 1000000000
SOLUTION LIMIT = 20
FILTER = 'VIRT’
CHECKPOINT INTERVAL = 10 MINUTES

LOG

Figure 5.3: Multi-Variable Sieving Example

The keyword CHIP is used to signify that the following congruences are to be associated
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with the given chip. Chips are specified with a decimal number from 0 to 31. To allow
solutions to be matched with the generating congruences, each solution message contained

in the log section of the problem file gives the chip number of the generating sieve chip.

In Figure 5.3, we show a problem file corresponding to the sums of three cubes prob-
lem (see Section 7.5.1). Because this is a two-variable problem, we sieve in both the
z-dimension, given by the trial counter of each sieve chip, and an m-dimension, corre-
sponding to each individual sieve problem. Here, a comment following the specification
of the congruences of each chip lists the corresponding value of m to be associated with

any solutions generated.

5.2.4 PARAMETERS Section

There are a large number of parameters which can be specified for a sieve problem.
Most parameters are optional; however, the RECORD FROM value of the search description
parameter is required. A list of the parameters, listed in the order in which they must

be specified, is given in Table 5.1.

Parameter Values Description

RECORD FROM large_int  Start of search interval (required).

TO large_int End of search interval.

SOLUTION LIMIT small_int  Max. number of solutions before termination.
FILTER filt.nam  Name of filter (one filter only).

PREFILTER filt_nam  Name of first filter (two filters).

POSTFILTER filt.nam  Name of second filter (two filters).
CHECKPOINT INTERVAL time_val Time interval between checkpoints.

PROBLEM PARAMETER signed_int  Problem-specific parameter value.

DELETE YES | NO File deletion option.

Table 5.1: Sieving Parameters

We now describe the function of each of these parameters, and define the values which

can be specified for each.
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Search Description Parameter (RECORD FROM, TO)

The search description consists of a required start value and an optional end value for the
search interval. Trial counter values are specified as large (multiprecise) unsigned integers
in the range 0 to 2128 — 1. The value can be specified in either a longhand format, or
using a restricted form of scientific notation, of the form:

mantissa E exponent

where the resultant value is calculated as

mantissa x 10Ponent

The mantissa and exponent must both be integer values. For example, one possible search

description is:

RECORD FROM = 2000
T0 = 1E19

Solution Limit Parameter

The user has the option of enforcing a limit on the number of solutions before a sieve jobis
terminated. The parameter value must be in the range 1 to 232 — 1. This is accomplished
by including a line of the form:

SOLUTION LIMIT = small_int

Filter Specification Parameter

Optionally, each sieve problem can specify one or two solution filters. If only one filter
is to be specified, the keyword FILTER is used. By default, the unspecified second filter
will be set to NULL. If two filters are to be used, a PREFILTER assignment followed by a
POSTFILTER assignment must be specified.

Filter names are exactly four characters long, can be in either upper or lower case,

and must be enclosed in single quotes. The problem file parser does not check whether a
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filter exists having the name specified. The assignment of filters according to these four
character strings is performed by the control processor software SSUMon which maintains
an internal table of valid filter names. Thus, an invalid but syntactically correct filter
name will not result in an error message until loading of the problem onto the sieve is

attempted. This error message will appear in the log section of the problem file.

Checkpoint Interval Parameter

The checkpoint interval determines how frequently a checkpoint operation is performed.
The checkpoint operation performs a verification of the sieve contents utilizing SSUMon
consistency checks. Checkpoints are also used to record in the problem log the trial
counter values to which computation can be safely rolled back in the event of an error.
Checkpoints are also important because they determine the times at which the sieve
daemon tests if the end value of the search interval has been reached. This check is

performed only during checkpoints.

The time interval can be specified using the time units SECONDS, MINUTES or HOURS
(HOUR is also accepted). By default, if no units are given, values are assumed to be
in seconds. The system enforces limits on the checkpoint interval to within reasonable

values. Currently, it cannot be less than 3 minutes, nor greater than 5 hours.

The Problem Parameter

The problem parameter is a 32-bit signed integer quantity passed to the filter routines.
This allows filters to be written which are based on some function of the sieve problem.
For example, the sieving problem to compute the Erdds-Selfridge function for different
values of the parameter k requires that the k value be passed to the ERDO filter. This
can be accomplished by specifying PROBLEM PARAMETER =kvalue. Negative values are
specified with a minus sign directly preceding the first digit of the value.
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Delete Parameter

The delete parameter specifies whether the problem file should be deleted after it has
executed subject to special conditions. If DELETE=YES is specified, the file will be deleted
if the end of the search range has been reached with no solutions being found and with
no errors being generated. This feature is particularly useful for multi-variable sieving
where it may be desirable to discard the problem file once it has been shown to contain
no solutions. This simplifies the maintenance of problem files by the deletion of the

uninteresting ones.

5.2.5 LOG Section

Output from the execution of the sieve problem is placed in the problem file following the

keyword LOG. The different message types which can be produced are listed in Table 5.2.

Type Description

DATE Informational date message.

DEBUG Informational debug message (reserved).
ERROR Non-fatal error message.

FATAL Fatal error message.

MESSAGE  Informational message.
SOLUTION Solution message.
VERIFIED Successful checkpoint message.

Table 5.2: Log Message Types

All messages generated by the SMS are preceded by a timestamp giving the elapsed
time since the sieve job was first read by the system. When logging some important
events, a DATE message is output with the time of day, day of the week, name of the
month, and the year. The date message is output whenever a problem file is read, a
checkpoint is performed, or whenever a problem is terminated, enabling the reader of the

problem file to associate an absolute date to these events.

In the sample log output (see Figure 5.4), taken from a run of the Sums of Three
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Cubes problem (see Section 7.5.1), a single solution value of 5 is found by chip number
2. The time to load the problem was 1 minute and 40 seconds, and the solution was
found almost immediately thereafter. For this example, the checkpoint interval was set
to 10 minutes, and the end of the search interval was 1 billion. When the checkpoint was
performed it was determined that the end value had been exceeded, and the problem was

terminated.

LOG

00:00:00 MESSAGE Problem file read successfully
00:00:00 DATE Mon Nov 21 09:50:12 1994

00:01:40 MESSAGE "sotc3p2" utilizes 32 sieve chips
00:01:42 SOLUTION 1 AT 5-02

00:11:42 MESSAGE Verifying sieve contents

00:11:42 DATE Mon Nov 21 10:01:54 1994

00:11:44 VERIFIED 1 SOLUTIONS TO 115132716680
00:11:44 MESSAGE End value reached

00:11:44 MESSAGE Problem terminated

00:11:44 DATE Mon Nov 21 10:01:56 1994

[=leNelNeNeNeNeNeoNeole

Figure 5.4: Sample Log Output

Solution Order and Duplicate Solutions

Recall that the sieve chips are running at slightly different rates; consequently, solutions
will not necessarily be in sorted order. It is also possible for multiple solution messages
to appear in the log for the same solution. This situation can occur when a sieve job is
terminated by a user request and later restarted, or if a hardware fault causes a restart
from a previous checkpoint, resulting in a small amount of overlap in computation. If a
solution was generated at a trial counter value higher than the last successful checkpoint,

a restart will cause that solution to be recomputed.



CHAPTER 5. MSSU SOFTWARE: THE HOST SOFTWARE 84
5.3 The Programs

Users access the sieve programs and problem files using the “sieve” Unix login account
on a SPARCstation workstation connected to an MSSU. The executables which make up
the MSSU host software are located in the bin directory of this account. In addition
to the sieve command, which is the user interface to the SMS, a number of ancillary
programs are provided for users of the MSSU. These include the programs talker, stat,

and pull.

5.3.1 The Configuration File

The sieve configuration file /var/spool/sieve/sieve.con contains the number of chips
available on the sieve and the name of the tty port that is connected to the MSSU host
port. By default, if the configuration file is not present, the SMS will assume that 32

chips are present, and that the sieve is attached to /dev/ ttya.

Creating or modifying the configuration file is useful when moving the host software
from one port to another, or when running the MSSU without the full complement of
SSU devices. If a problem file is submitted to the SMS for execution which requires more
SSU devices than the value of the CHIPS parameter, that problem file will be rejected

and an error message given.
The format of the configuration file is:

! comments look like this

! or, this !
TTY = /dev/ttya 'this is the tty port used!
CHIPS = 32 'number of installed chips!

Filename Extensions

Although filename extensions are not mandatory under Unix, a filename extension of

“.siv” is assumed for all problem files. This scheme was used by the OASIS system which
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ran under the VMS operating system where all filenames must be assigned extensions.
The .siv extensions are retained in the MSSU system because they aid in organizing

collections of files by differentiating between problem files and other types of files.

5.3.2 The Sieve Command

The syntax of the sieve command is:

sieve commandname [argument]

This program accepts a number of commands to perform various functions via the
SMS. A complete list of the commands is given in Table 5.3. Most commands have a
single letter abbreviation, however, to prevent disastrous effects from simple typographical

errors, the kill, purge and restart commands must be typed in full.

Command Description

e | errorlog Display entire contents of error log.

kill Terminate the currently executing sieve job.
purge Purge the queue of all pending jobs.

q | queue filename Enqueue a given problem file.

restart Restart daemon after system crash/shutdown.
s | status Display status of sieve queue.

Table 5.3: Sieve Command Options

The errorlog command will display the entire contents of the error log file. Since the
error log file can be very long, the user may choose to view only the most recent entries
by piping the output through the Unix tail filter, with:

sieve e | tail

The SMS identifies the current problem being sieved as ezecuting, and all other queued
problem files as pending. The kill command will terminate the currently executing job.
The sieve job will perform a final checkpoint before terminating. If a problem file is
pending, it will be dequeued and placed in the executing state. The purge command can

be used to delete all pending jobs from the queue, leaving the executing job unchanged.



CHAPTER 5. MSSU SOFTWARE: THE HOST SOFTWARE 86

If a sieve job is currently executing, the queue command will add the given problem
file to the pending list. Otherwise, it will make the given problem file the executing job.
If the format of the problem file is found to be invalid, an error message describing the

error is output, and the file is not queued.

The restart command will attempt to restart the SMS following a reboot of the Unix
host, or a crash of the SMS. It will try to create a new sieve daemon process to re-initiate

the problem file which was executing at the time the system went down.

The status command displays the status of the sieve queue, listing the currently
executing problem file, and the pending list of problem files. If the sieve queue is empty,

the following message is displayed:

status: no daemon is currently running
no currently executing job
no pending jobs

5.3.3 talker

The talker program allows a user to bypass the SMS and enter commands directly to
SSUMon from a Unix terminal session. This is a useful tool for debugging the sieve

without having to physically connect a dumb terminal to the MSSU host port.

talker Uses the “raw” mode of character input, as opposed to the “cooked” mode.
This allows each character typed by the user to be sent to the control Processor imine-
diately, without requiring the input line to be terminated with a newline character. The

key sequence control-C is used to exit the program.

5.3.4 stat

The stat program outputs statistics for a given problem file. The syntax is:

stat filename].siv]
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As part of its output, stat displays the maximum canvass rate and an estimate of
the filter rate. The maximum canvass rate is a measure of how quickly the sieving range
is being searched assuming the system is running at 100% of full-speed, and there are
no slowing effects due to filtering or other control processor overhead. The filter rate is
a measure of the density of solutions and is given in terms of solutions per second. The

filter rate is computed as:

50 .

; due dulo p;

filter rate = canvass rate x | (3 residues modulo p;)
b;

i=1

The same parser routines are used for both stat and the sieve command. If the
specified problem file contains a syntax error or violates any of the other rules for MSSU
problem files, a message describing the error is output. In this manner, a user can test

the validity of problem files before submitting them with the sieve command.

5.3.5 pull

The pull program extracts solutions from a problem file and outputs them one per line
to a solution output file:

pull probfile[.siv] [solution file[.out]]

Although for some problems it may suffice to extract solutions manually using a text
editor, or even pencil and paper, such methods are tedious and error-prone. The pull
program is a convenient means for extracting all of the verified solutions from a problem
file. Because pull knows all about checkpoint messages, it can determine which solutions
are verified, and which are not, and place only verified solutions in the output file. pull
also displays useful summary information on the standard output about the solutions
it has extracted, including whether the solution file is in sorted order and whether any

inconsistencies were found in the problem file.

Because of its usefulness, the “.out” extension is reserved for solution output files.

If no extension is specified for the solution file, .out is assumed. If no name is specified
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for the solution output file, the name is taken from the problem file name, and the .out

extension is substituted.

5.3.6 Off-Line Solution Filters

Off-line solution filters are often used in conjunction with solution output files generated
by pull (i.e. one solution per line). These programs usually perform some sort of
classification of the solutions, generating a line of output containing the value of each

solution and the associated filter value.

A number of off-line solution filters are provided by the MSSU system. For example,
the off-line filter psall is used to determine the highest prime for which a solution satisfies
the congruences for the pseudosquare problem. Programmers will find that it is not

difficult to modify the source code of psall to create new filters for different problems.

To illustrate the operation of psall we present some sample output. The Unix com-

mand “psall <ps30.out”, was used to generate the following output:

6450045516630769--199

11641399247947921--223
308199940405689121--211
43782503675213521-~199
61414601754207601--199

The program best can then be used to post-process this output to yield the “best”
solutions to the problem. (A worst program is also available to search for least values.)
The best program filters the standard input and outputs those lines containing the largest
number seen so far following the two dash characters (--). Using the data from the above

example, best generates the following output:

6450045516630769--199
11641399247947921--223
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5.3.7 Problem Generators

As discussed earlier, problem files can be generated using a text editor, but the preferred
method is to write a program to generate them called a problem generator. Often, the set
of congruences for a sieving problem are non-trivial to calculate, and it is easier to write
a problem generator than it is to perform the calculations by hand. Problem generators
can also be written to create problem files based on various parameters and thus can be

used over and over again for numerous problems.

Currently, no program has been written to perform the Jjob of automatically selecting
partition congruences for problem files specifying partitioning. It is feasible that a pro-
gram could be written to evaluate all possible selections for the partitioning set, and select
the optimal set resulting in the highest sieving rate. The number of possible combinations
is actually quite small, and usually selection of the optimal set will appear obvious to a
human user. Unfortunately, until such a program is implemented, partition congruences

must be assigned manually with the use of a text editor.

5.4 Implementation of the Sieve Management Software

The SMS was written for use on SPARCstation workstations running the SunOS 4.1.x op-
erating system. This platform was chosen because of its widespread use and the stability
of the SunOS operating system. Also, these workstations provide two built-in asyn-
chronous ports, identified as ttya and ttyb, both of which are suitable for connecting
to the MSSU host port. The SMS was written entirely in the C programming language,
except for the parser routines which were generated using automated tools. Not including

the parser routines, the code is approximately 10,000 lines of C.

The SMS is based on a client-server model. The sieve command is a client process
that enqueues problem files which are processed by the server process, the sieve daemon.

The daemon process is spawned by the sieve command whenever a problem is queued
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and there is no sieve daemon running. The daemon persists as long as there are problems

in the queue.

Communication between the client and server processes is performed via signals and
shared files. Signals are a means for one process to notify another process that an event

has occurred, while shared files are used to transfer information between processes.

5.4.1 Multiple Precision Arithmetic

Support for arbitrary precision integer arithmetic is provided by GNU MP, the GNU
Multiple Precision Arithmetic Library, Edition 1.2.93. This library is free and implements
quite a comprehensive collection of integer arithmetic operations, as well as rational
arithmetic operations. Names of GNU MP integer arithmetic routines are identified by
the prefix “mpz_;’. The complete source code, written in the C language, is also distributed

with the package.

5.4.2 Shared Files

A number of shared files located in the /var/spool/sieve directory are used to maintain

the sieve queue.

-ERROR contains a log of the name of each problem file, the date it was executed on the
sieve and any errors which may have occurred while enqueuing or dequeuing sieve
jobs. Because the daemon has no controlling terminal, this file is used to output

€ITOr Imessages.

-EXECUTING stores the name of the problem file which is currently executing on the sieve.

This file only exists while a problem file is executing on the sieve.

.PENDING holds the pending list of problem files to be executed after the current sieve
job completes. Problem files are listed one per line and jobs are dequeued beginning

at the first line of the file. If no pending files exist, this file is not present.
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-PID contains the process identification number (pid) of the current sieve daemon pro-
cess. When the sieve daemon process is spawned, it places its pidin this file. When

it completes, the sieve daemon deletes .PID.

File Locking

File locking is used to enforce exclusive access when updating the shared files. The
SMS utilizes the Unix flock() system call to provide advisory file locks. With advisory
locks, all processes cooperate and make use of the same locking mechanism to guarantee
exclusive access. However, processes outside of the cooperating group can still gain access
to the file by choosing not to use the advisory lock. Thus, the problem files are not locked

to external programs such as the Unix vi editor.

Both the sieve command and the sieve daemon invoke £1ock() requesting an ezclusive
lock before accessing shared files. Exclusive locks cause the caller to block until the lock
is acquired, enforcing mutual exclusion. After the update has completed, the flock()

routine is invoked once more to perform an unlock operation.

5.4.3 Use of Signals

The SMS uses a style of signal facilities found in 4.3BSD Unix. This signal mechanism is

said to be reliable, in the sense that signals cannot get lost by the system.

Signals are defined by the operating system for many abnormal events which may oc-
cur during the execution of a process. Signals can be ignored or assigned user-written han-
dler routines using the signal() system call. One notable exception to this is SIGKILL,
used to terminate a process on system shutdown, which cannot be caught or ignored. To
allow processes to exit gracefully prior to system shutdown, the operating systems sends
a SIGTERM signal to each process. If the SIGTERM is not acted upon, the operating system

will send a SIGKILL which leads to termination of the process.
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User processes can also generate certain signals and deliver them to specific processes
based on their process identification, or pid. The ki1l () system call delivers a specified
signal to a process with a given pid. This method is used to deliver user-defined signals
such as SIGUSR1. Another means to deliver a signal is via the alarm() system call which

generates SIGALRM signals.

Table 5.4 lists the signals which are used by the SMS.

Name Description

SIGALRM used to schedule checkpoints.

SIGHUP  used to signal a problem termination request.
SIGKILL special (cannot be caught, blocked or ignored).
SIGTERM this signal causes a graceful exit of the daemon.
SIGUSR1 used to check if the daemon process is alive (ignored).

Table 5.4: SMS Signals

The SMS contains a number of signal handler routines for the abovementioned signals,
with the exception of SIGKILL, for reasons explained earlier, and SIGUSR1. The SIGUSR1
signal is used to determine whether the sieve daemon is running. To implement this, the
sieve daemon ignores the SIGUSR1 signal by setting the handler to the built-in function
SIG-IGN. The sieve command client process can determine whether or not the daemon
process is running by attempting to deliver a SIGUSR1 signal to the process specified by
-PID with a ki1l (). If the kil1() fails, the daemon has passed away under mysterious
circumstances and the .PID file is out of date. Otherwise, it can be assumed that the

.PID file holds the pid of the sieve daemon.

Often, during critical processing, it is desirable to block certain signals. To specify
which signals are to be blocked or unblocked, one specifies a signal mask. The system call
sigsetmask() is used to retrieve the current signal mask. Specific bits of the signal mask,
corresponding to signals which need to be blocked or unblocked, can then be set or cleared

appropriately. The updated signal mask is then set using the system call sigblock().
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5.4.4 Problem File Parser

The problem file parser was written using the Lex lexical analysis program generator
and the Yacc parsing program generator. These automated tools greatly simplified the
implementation of the parser. Unfortunately, when parsing very large problem files with
multi-variable sieving data, the parser was found to be quite slow. A 300 kilobyte problem
file would require several minutes to parse. In an attempt to increase the performance
of the parser, GNU Flex, the fast lexical analyzer generator which employs improved
scanner algorithms, was substituted for Lex, greatly improving performance. The only
ramification of this change was the loss of the Lex built-in line number variable yylineno.
Unfortunately, this eliminated the ability to output line numbers when displaying syntax

€rTors.

The routine parse_problem file() is invoked twice during the processing of each
problem file: initially by the sieve command mainline to confirm that the problem file is

valid, and once more by the sieve daemon process to extract the problem information.

Because a daemon persists as long as the job queue is not empty, the parser can
be called repeatedly by the same incarnation of the daemon process. Therefore, it is
crucial that any memory allocated by the parser be freed after use, preventing daemon
memory from growing without bound. This requires that all tokens allocated by the

lexical analyzer be deallocated by the parser routines after being processed.

The parse problem file() routine reads the contents of the problem file and returns
the parsed information in the problem_info data structure. problem_info contains all
of the congruence information, parameter values and flags denoting whether partitioning

or multi-variable sieving is to be used.
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Processing of Congruence Information

The parser calls the process_congruences() routine to verify that the information Jjust
read is consistent with the rules for specifying congruences, and calculates the hardware
and virtual ring data to be loaded using SSUMon. If an error is detected, an appropriate
error message is stored in the problem_info structure and later output, either to the
standard output if invoked by the sieve command, or to the error log file if invoked by

the sieve daemon.

Hardware congruences in the problem file must be mapped to equivalent hardware
rings on the SSU chip. Congruences having a modulus value of 2, 4, 8, 3,5, or 7 are
exceptional cases and must first be converted to congruences modulo 16, 9, 25 or 49, as

required by the underlying hardware.

For problem files where partitioning is indicated, the combine congruences () routine
is used to evaluate the partition congruence. combine_congruences() uses a straightfor-
ward algorithm which combines two congruences at a time, creating a congruence whose
modulus is equal to the product of the moduli. The first congruence is used to generate
residues up to the resultant modulus, and then the second congruence is applied to elim-
inate residues which do not satisfy both congruences. This process is continued until a

single congruence remains, having a modulus equal to the product of the specified moduli.

5.4.5 The Daemon Process

The sieve daemon process was based on the skeleton daemon described by W. Richard

Stevens, in his book “UNIX Network Programming” [Ste90]. According to Stevens:

A daemon process is a process that ezecutes “in the background”, (i.e. without
an associated terminal or login shell) either waiting for some event to occur,

or waiting to perform some specific task on a periodic basis.
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The sieve daemon is created by a fork() system call from within the sieve command
mainline. A new sieve daemon is created whenever a new problem file is enqueued and no
existing daemon process is executing. The daemon process disassociates itself from the
originating process group (i.e. the parent process) and the controlling terminal so that it

will execute even after the user which initiated the daemon has logged out.

The daemon process working directory is set to /var/spool/sieve. All of the shared
files are located here, as is the configuration file. Should the daemon process crash, due

to a system-detected error, a core file will be placed in this directory.

5.4.6 The Sender

Communication between the sieve and the SMS is controlled by code in the sender module.
The sender () routine is invoked once for each problem file and executes for the duration

of that problem.

The asynchronous communication routines of the sender ‘module make use of the Unix
termio general terminal interface. Calls to the ioct1() system call are made to initialize
the communication parameters and test the status of the input buffers. The read() and
write() system calls are used for the actual input and output. For proper operation of
the SMS, the “ownership” of the tty device file must be set to the sieve userid, and the

/etc/ttytab entry for that port must be set to disable interactive logins.

Input is performed using timed reads with a time-out value of 30 seconds. Timed reads
have the advantage of causing the program to block until the read is completed, without
the read blocking indefinitely. Should the communication link between the host system
and the MSSU be disrupted, the SMS will eventually time-out and try to re-establish

communication.
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Problem Loading

Once the sender module has established communication with the sieve and confirmed that
S55UMon is running on the control processor, the sender code will load the problem onto
the sieve hardware. First, an SSUMon reset command is sent, followed by commands
to set the problem parameter and specify the filters. Next, the hardware ring data and
virtual ring data are written to each sieve chip. The enable vector is then set, and an
informational message is written to the log giving the problem name and a count of the
number of chips enabled. At this point, the counter is set to either the start value specified
or to the last successful checkpoint value. Finally, an SSUMon command to load the sieve

and initiate sieving is sent.

Since no error-checking is performed on the communication link between the host and
the control processor, the SMS requires that this link be 100% error-free. During loading,
the sender will perform a read-after-write of all data to verify that there were no errors
in transmission. If all 32 chips are enabled this amounts to writing and reading approx-
imately 42 kilobytes of data, requiring approximately one minute of data transmission.
Any errors detected during problem loading would indicate that the operation of the sieve
would be, to say the least, unreliable. Fortunately, after several years of sieving on two

MSSU systems, no serial communication errors have been detected.

5.4.7 Solution Processing

After loading the problem and initiating sieving, the sender() routine enters a loop to
await solutions. Solutions generated by the control processor are assigned a solution
number, and a solution message is output to the problem file log. Processing continues
within this loop until one of the following conditions occurs: a checkpoint occurs, the
solution limit is exceeded, a kill command is received, or repeated SSUMon errors result

in a fatal error.
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To prevent a stream of solutions from overrunning I/O buffers, the XON-XOFF pro-
tocol is used between the control processor and the sender () routine. To ensure that no
solutions are missed, the number of solutions received is compared to that expected by
the control processor at the time of a checkpoint. If a discrepancy is found, the checkpoint

fails and a roll-back is performed.

Checkpoints

Checkpoints are scheduled using the alarm() system call which delivers a STGALRM signal
after a specified number of seconds. When a job is first loaded, the alarm is set according
to the checkpoint interval parameter. When the alarm goes off, the SIGALRM signal is han-
dled by the handle sigalrm() routine. handle_sigalrm() blocks all maskable signals,
schedules the next checkpoint using alarm(), and performs the checkpoint operation. If
an end value was specified, the trial counter value is tested during the checkpoint to see

if it has been reached. Should the end value be exceeded, the problem is terminated.

If a checkpoint fails, the problem data are re-loaded onto the control processor, and
the trial counters are set to the value of the last successful checkpoint. If there was no

previous successful checkpoint, the search start parameter is used.

Whenever a problem is terminated, a final checkpoint is performed to ensure that all

of the computation up to the point of termination has been verified.

5.4.8 Porting to Other Hosts

Programmers will find that the SMS utilizes many features from the 4.3 Berkeley Software
Distribution (4.3BSD) Unix system. With minimal change this software should run on
any modern Unix system with BSD support. An earlier version of the software ran
successfully under Ultrix V4.2 on a MIPS based DEC workstation and required minimal

changes to execute under SunOS 4.1.x.



Chapter 6

Results on Problems Involving

Quadratic Characters

In 1970, Lehmer, Lehmer and Shanks[LLS70] examined the problem of determining inte-
ger sequences N, such that the Legendre symbol (N,/p;) = ¢;, for all primes p; < p, for
a prescribed set of values of ¢; with |e;| = 1. The six problems which they identified as
being of special interest and application were:
I. Np,=1(mod8), (Ny/p;)=1
II. N,=-1(mod 8), (N,/p:;) = (~1/p;) or equivalently (=Np/pi) =1
HI. N, =3 (mod8), (Ny/pi)=—(=1/pi) or (=N,/p;)=—1
IV.  Np=-1(mod 8), (Np/pi) = —(-1/pi) or (=N,/p;) = -1
V. N, =5 (mod8), (N,/p;)=—(-2/p;) or (2N, /pi) = -1

VI. N, =5 (mod8), (Np/p:) = ~1

98
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Definition 6.0.1 The Legendre symbol (a/p) for a prime p, is defined as

0 ifpla
a
(—-) = +1 if a is a quadratic residue of p

—1 if a is a quadratic non-residue of p

Also,

(%) = alP~1/2 (mod D).

Problems of quadratic character are particularly well suited to hardware sieving since
about half of all residues tend to be excluded (are inadmissible) with respect to each
modulus, resulting in high sieving rates and infrequent solutions. We consider quadratic
sieves to be moderate density sieves because the solution rate is approximately halved for

each modulus specified.

In the following sections we shall present some results on these problems and several
related problems. We have divided this chapter into sections dealing with the positive and
negative pseudosquares (problems I and II), quadratic polynomials having a high density
of primes (III and VI), polynomials of the form 22+ A (IV and IT), Lehmer-Lehmer-Shanks

problem V, and an examination of Littlewood’s bounds on L (1, X)-

6.1 Pseudosquares

Definition 6.1.1 Let p be an odd prime. The (positive) pseudosquare L, is defined as

follows:

1. L, =1 (mod 8)
2. the Legendre symbol (Ly/q) = 1 for all odd primes q < p,

8. Ly is the least positive non-square integer satisfying (1) and (2).
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Thus, the pseudosquare L, behaves locally like a perfect square modulo all primes
< p, but is nevertheless not a perfect square. Hall [Hal33] showed that the values of L,

must be unbounded as p increases.

Kraitchik [Kra24, pp. 41-46] seems to have been the first to consider these numbers,
and in [Kra24] provides a table of them up to Ly7. Since then, various authors, most
notably D.H. Lehmer, who gave the pseudosquares their name (see Lehmer [Leh54]), have
extended Kraitchik’s list up to Loz (Stephens and Williams [SW90]). Two observations
can be made from this list: first, the values of L, seem to grow very rapidly with respect
to p; second, in spite of the first observation, there are many pairs of consecutive primes
P, g such that L, = L,. This latter phenomenon first happens when Lsg = Lg;, and then

occurs a further 14 times among the 30 pseudosquares between Lg7 and Loz inclusive.

The growth rate of the pseudosquares is of great importance in two problems in com-
putational number theory: square recognition and primality testing. Cobham [Cob66]
has shown that if a number is not a perfect square, then under the Extended Riemann
Hypothesis (ERH) it must fail to be a square modulo a small prime p. Thus, we ex-
pect that the pseudosquares should grow quickly. More recently, Bach and Sorenson
[BS93] discussed the problem of perfect power recognition, which can be of importance
in primality testing and factoring. Also, as will be shown in the following section, if pseu-
dosquare growth is sufficiently rapid, then there exists a deterministic polynomial time
(in log N) algorithm for determining the prime character of N. At the moment the best
unconditional results on the primality testing problem are those of Adelman, Pomerance
and Rumely [APR83], who showed that the problem can be solved for a given N by a
deterministic algorithm of time complexity O((log N )clogloglog N ), and of Adelman and
Huang [AH92], who show that there is a probabilistic polynomial time algorithm for solv-
ing this problem. However, both of these algorithms are very complicated and difficult
to implement; whereas the algorithm we shall present, which is conditional on the ERH,

is very simple.
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6.1.1 Pseudosquares and primality testing

Throughout this section we will use the symbol N to denote an odd, positive integer. If p
is an odd prime, we say that (—1)(P~1/2p i5 an apparent (quadratic) residue of N when
(N/p) = 1; we say that (=1)P=1/2p is an apparent non-residue of N when (N/p) = —1.
Furthermore, if the Jacobi symbol (=1/N) =1 (=1), then —1 is said to be an apparent
residue (non-residue) of N; also, the apparent character of 2 and —2 can be defined in a
similar fashion through the values of the Jacobi symbols (2/N)and (~2/N). Note that by
the law of quadratic reciprocity, we see that if NV is a prime then any apparent residue of
N is in fact a quadratic residue of N and any apparent non-residue of NV is a non-residue

of N.

In 1929 Kraitchik [Kra29] wrote at some length on how this concept of apparent
residue character could be used in factorization and primality testing. In particular, he
noticed that if NV is not a prime, then an apparent residue of N need not be a quadratic
residue of N. Indeed, he went so far as to assert that if enough values of p (possibly
including —1 and 2) could be found such that the corresponding apparent residue is in
fact a quadratic residue of N, then N must be a prime. He did not specify the number
of such apparent residues that would be required, but seemed instead to have contented
himself with determining that almost all p values such that (N/p) = 1, for p less than
some vague bound, actually produced apparent residues that were also quadratic residues
of N. For example, he considered the number

(21204 1) (28 4 1)
T @)+ )

After much labour he determined that for 56 of the 76 primes < 1000 for which (N1/p) =

= 18518800563924107521.

1, the corresponding apparent residues of N; were also quadratic residues of N;. From
this he concluded that Ny must be a prime. In fact, as noted by Kraitchik in his note at

the end of [Leh38], he made an error in his calculations because N is composite.

'This is Hall’s [Hal33] translation of Kraitchik’s [Kra29] “résidu éventuel.”
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While, as we shall see, the basic idea behind all this has some merit, both Lehmer
[Leh30] and Beeger [Bee30] criticized this proof as being mathematically unsatisfactory. In
fact, in 1938 Lehmer [Leh38], [Leh39] found that 11s composite and exhibited its factors.
In fairness to Kraitchik, however, one must observe that he was more interested in his
ideas as they applied to the problem of integer factorization, where he was quite successful,
than to primality testing; the above technique undoubtedly arose from his frustration at
being unable to factor particular values of N (see Kraitchik [Kra31]). Nevertheless, his

primality criterion, as explained in [Kra29], can at best only be regarded as empirical.

In [Hal33] Hall produced a mathematically correct version of Kraitchik’s idea which

is provided in the following theorem.

Theorem 6.1 If all the factors (not necessarily prime Jactors) of N are below L, and
if {—1,2, -3,.. .,(—-1)(7"‘1)/211} can be divided into two classes A = {a1,a9,...,a,}, the
apparent residues of N, and B = {by,b,, .. . bn}, the apparent non residues of N, such
that every a; is also a quadratic residue of N and every b;b; is a quadratic residue of N,

then N is a prime or a power of a prime. O

Notice that this is a primality test that involves the pseudosquares. Furthermore, Beeger
[Bee39], [Bee46] actually used this test to prove that a 12 digit divisor of the numerator of
the Bernoulli number B34 and that a 13 digit factor of 12%° 4 1 are primes. For example,
he first noted that the latter number N, had previously been shown to have no prime
divisor less than 10%; hence, any prime divisor of Ny must be less than N3 /10° < Lgr.
Further,
-1,2,-3,5,-11,13,17,-23,29, -31, —43, —47,53,-59,61

are all apparent residues of N, and —7,—19,37,41,—67 are apparent nonresidues of Ns.
By using Kraitchik’s method [Kra29] to find quadratic residues of N3, he was able to
show that —1,2,3,5,11,13,17, 23, 29,31,43,47,53,59,61,7-19,7-37,7- 41,7 - 67 are all
quadratic residues of Ny; hence, N, must be a prime or prime power. Since N, < 1015,

and N; is not a perfect square, N, is a prime.
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The main difficulty in utilizing Hall’s test is the problem of determining whether a
given integer m is a quadratic residue of N. This was usually done by rather tedious hit-
or-miss methods which attempted to express certain multiples of NV in the form z2 —mky?.
This latter problem can be avoided by making use of a test which is easily derived from
the ideas of Selfridge and Weinberger (the S-W test) presented in [Wil78] (see Lukes,
Patterson, and Williams [LPWb]). In order to discuss this test we must first define the
numbers that we shall denote by M, where p is any prime. These must follow the

following two properties:

i)  the Jacobi symbol (¢/M) = 1 for all primes g such that 2 < ¢ < p;

ii) M, is the least such positive non-square integer.

Theorem 6.2 If

1. All prime divisors of N ezceed B ,
2. N/B < M, for some prime p,
3. pr_l)/z = +1 (mod N) for all primes p; such that 2 <pi <p,

4. pgN—l)/z = —1 (mod N) for some prime p; such that 2 < p; < p,

then N is a prime or prime power., ]

Of course, this would be a most useful test of primality if it could be shown that M,
grows very quickly as a function of p. At the moment this seems very far from being

achieved. We can, however, appeal to a result of Bach [Bac90]

Theorem 6.3 (Theorem 2 in [Bac90, p. 372]) Denote by Z[(m)* the group of reduced
residues modulo m. Let G be a nontrivial subgroup of Z/(m)* such that n € G for all
0 <n<z. Then if the ERH holds, we must have

z < 2logm)®. O
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We shall make use of this result to bound M, from below.

Consider the subgroup G of Z/(M,)* which is made up of all £ such that (k/M,) = 1.
Since M, is not a perfect square, there must be some odd prime ¢ such that ¢~ [| M, and a
is odd. Let t be a quadratic non-residue of ¢ and put r =% (mod ¢*), 7 = 1 (mod M,/q¢%).
Clearly, r € Z/(M,)* and (r/M,) = —1; thus, G is a non-trivial subgroup of Z[(M,)*.
Also, for all 0 < n < p, we get n € G hence,

p < 2(log M,)?,
or

M, > eV?/2, (6.1)

Notice that if N < M,, there must, by definition of M, exist some prime ¢ such that
2<g<pand (¢/N)# 1. If N is a prime, then either (¢/N) = —1 and ¢N-1)/2 =
~1 (mod N)org= N. If g = N, there must be some prime 7 < p such that (r/q) = ~1;
hence r(V-1)/2 = _1 (mod N). It follows that if B = 1, and N is a prime < M, then
the conditions 3) and 4) of the S-W test must be satisfied. Thus, by (6.1), the S-W test

is a deterministic polynomial time prime test for N when B = 1.

In order to provide a proof for the S-W test, we require three simple lemmas.
Lemma 6.1 Let 2°|| N — 1 (s > 1) and suppose that there ewists some ¢ € Z such that
cWN-1/2 = 4 (mod N).

If q is a prime divisor of N, then 2° g —1.

Proof. Let d be the multiplicative order of ¢ mod g. Since df (N —1)/2 and d|N - 1,
we have 2° | d; hence, 2°| ¢ — 1. O

Lemma 6.2 Let 2°|| N -1 (s > 1) and suppose that there ezists some ¢ € Z such that
c™=1/2 = 41 (mod N).

If (¢/q) # 1 for some prime factor q of N such that ¢ = 1 (mod 2°%), then 2°|| g — 1.
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Proof. Let d be the multiplicative order of ¢ mod g. Since
cle-1)/2 = (mod ¢),
we have d|q — 1, df (g — 1)/2. Thus, if 2" || ¢ — 1, then 27 |d; but d| N — 1 means that

T = 8. a

Lemma 6.3 If2°||N -1 (s>1),2°||q1 — 1, 2°|| g — 1, where q1, g2 are primes and

¢ is some integer such that (c/q1q2) # 1, then

N2 2 11 (mod gigs).

Proof. Suppose
cN-1/2 = 49 (mod g1¢2).

We may then assume with no loss of generality that (¢/q1) = —1, (¢/q2) = 1. Let dy be
the multiplicative order of ¢ modulo ¢;. We have dilqg—1,dy [ (g1 —1)/2; thus, d; = 2%¢,
where 2f e;. Since,

=1 (mod ¢;)
and (N — 1)/d, is odd, we get
CWN-D/2 = (mod ¢;).

Also, it is easy to see that

cWN-1/2 = (mod g9),

but this contradicts the assumption that

cWV-D/2 = 1 (mod ¢1¢q2). O

We are now able to present the proof of the S-W test.

Proof. Let N satisfy the conditions (1), (2), (3), (4) and suppose that N is not a prime

or prime power. If ¢ is any prime divisor of N, we get ¢ = 1 (mod 2°) if 2°|| N — 1 by
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Lemma 6.1 and condition (4). Since ¢ < N/B < M,, we see that (pr/q) # 1 for some
prime py(2 < pi < p); thus, by Lemma 6.2 and condition (3), we find that

k

N=1+2t=]]g

i=1
where ¢; = 1+ 2%, 2)t; and ¢iis a prime for i = 1, 2, ..., k. Since £ is odd, we must
have k odd; hence, k¥ > 3. Since N is not a prime power, there must be at least two
distinct primes ¢, ¢, such that @192 | N and q14, < N/B. Thus, there must be some
Pe(2 < p < p) such that (px/q1q2) # 1. By condition (3) we have

PJ(CN_IW = +1 (mod ¢143),

which by Lemma 6.3 is impossible. a.

Returning to our definition of M,, it is well known that (2/Mp) = 1 only if M, =
1 (mod 8) or M,, = 7 (mod 8). If we consider the pseudosquare values L, =1 (mod 8), by
the quadratic reciprocity theorem, for odd primes g we have the result (L,/q) = (¢/L,) =

1, thus,
L, > M,.
Hence, from (6.1) we have
L, > eV?/2, (6.2)

We can also combine the ideas of Hall and the S-W test to obtain
Theorem 6.4 If

1. All prime divisors of N exceed B,
2. N/B < L, for some prime p,
3. pgN"I)/z = +1 (mod N) for all primes p; such that 2 <p:<p,

4. 20112 = _1 (mod N) when N =5 (mod 8),
pgN—l)ﬂ = —1 (mod N) for some odd p; < p when N = 1 (mod 8),



CHAPTER 6. PROBLEMS INVOLVING QUADRATIC CHARACTERS 107

then N is a prime or prime power.

Proof. As before assume that N is not a prime or prime power. If N = —1 (mod 4),
then (—1)(N-1/2 = _4 (mod 4). If N # —1 (mod 4), then by condition (4) there must
be some ¢ € Z such that
WN-1/2 = 1 (mod N).

It follows that if 2° || N—1, then ¢ = 1 (mod 2°) for all primes ¢ | N. If | N, we must have
9 < N/B; thus, if ¢ = 1 (mod 8), there must exist some pr such that (pr/q) = (¢/pr) # 1.
If ¢ =5 (mod 8), then (2/¢) = —1, and if ¢ = —1 (mod 4), then (-1/¢) = —1; thus by
Lemma 6.2, condition (3) and the same reasoning as that used in the proof of the S-W
test, we must have at least two distinct prime divisors @1, g2 of N such that ¢;q; < N/B.
If 192 = 1 (mod 8), there must exist some prime P such that (pr/q192) = (q192/p%) # 1;
if g1¢2 = 5 (mod 8), then (2/g1¢3) = —1, and if 0192 = —1 (mod 4), then (—1/g143) = —1.
By condition (3) and Lemma 6.3 we get a contradiction. m|

Also note that condition (3) of Theorem 6.4 must hold if N is prime. Also, if N =
5 (mod 8), then 2(V-1)/2 = _1 (mod N) when N is a prime, and if N = 1 (mod 8), we
see by the same reasoning as used earlier that (px/N) = —1 for some odd Pr < p when
N is a prime. Thus, if B =1, and N < L,, then conditions (3) and (4) must hold.

From the above we can see that if the growth rate of the pseudosquares is sufficiently
rapid, then primality testing of N could be achieved in deterministic polynomial time.
By (6.2), this is certainly the case under the ERH, but it might be possible to show that
a result like (6.2) holds without appealing to the ERH. Thus, it is of some interest to

examine, at least empirically, the growth rate of L,.

6.1.2 Pseudosquare results

Because of the importance of the question of the pseudosquare growth rate, it would be
very helpful if the table in [SW90] could be extended. Unfortunately, this is very difficult

to do simply because the pseudosquares do seem to grow very quickly.
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We first used a larger version of OASiS called OASIS II (OASiS with an additional
sieve unit, see [SW90, p. 63] to search for pseudosquares beyond the limit of Table 2 in
[SW90]; however, after many months of continuous running of the device, we were able
to find only two additional pseudosquares: Lgg7 and Lggg. Indeed, it was this slow sieving

rate of OASiS II (for the pseudosquare problem) that motivated the construction of the
MSSU.

The parallel architecture of the MSSU is extremely well suited to computing pseu-
dosquares. The problem of determining the values of L, can be partitioned to combine
the moduli 8, 3, 5, 7 and 11, producing an implicit modulus of 9240 with 30 associated
residue classes. The resulting effective sieving rate utilizing 30 sieve chips (one employed
per residue class with single residue optimization implemented for the modulus 9240) is
thus:

9240 x 192 million/sec = 1.774 x 10'*/sec = 6.387 x 10'®/hour

This optimization can be extended by combining the moduli 8, 3, 5, 7,11 and 13, to form
180 residues, partitioning the problem into 6 sub-problems of 30 chips each, realizing an

additional two-fold increase in the sieving rate.

The pseudosquare problem specifies a set of linear congruences which generate a large
number of perfect square solutions which must be discarded using a perfect square filter.
At low count values, where the density of perfect squares is greatest, sieve hardware
is often idle while filter resources are overwhelmed. To prevent filtering from being a
bottleneck, the perfect square filter PSQR described in Section B.1 was used. This filter
can determine whether or not a given 128-bit integer is a perfect square in under 1

millisecond.

Wkhen running the pseudosquares problem on the MSSU, starting from an initial count
of 1, we observed during the first hour that sieving proceeded at 35.6% of the theoretical
maximum speed. As the density of perfect squares diminished, this value increased to

86.5% during the second hour, and 94.1% during the third. At higher values, sieving
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rates exceed 99% of the maximum speed of the hardware, attesting to the efficiency of

filtering on the MSSU.

After running the MSSU for a few months on the pseudosquare problem we produced

the results 2 in Table 6.1 below.

Sieving was extended up to the bound of 26¢ = 1.8447 x 10°. This allows the primality
test described above to be used to the limit of unsigned 64-bit integer math, now available

on many modern computer systems such as the DEC Alpha architecture [Sit92].

In Figure 6.1 we have plotted the values of log L, against p. We have also plotted
the values of \/p/2. Note that the growth rate of log L, is much greater than that of
V/P/2, supporting (6.2). Thus, from the numerical data that we have so far been able to

determine, it appears that L, has a growth rate well in excess of eV?/2,
Let p; denote the ith prime (1 = 2). If we make the somewhat naive assumption
(there will always be fluctuations) that the solutions of

z=1(mod8), (z/p;)=1(=12,...,n) (6.3)

are equi-distributed in the region 0 < z < 8pypsps...p,, then we would expect that if
P = Pq, then®
Lp ~ 8p2p3 .. ~pn/S,

where § is the number of solutions of (4.1) in the given region. Since

s=Tlw-1/2

we get
n
Ly~ 2" ] pi/ (i - 1).
i=1

At this point we make use of Mertens’s Theorem (see [HW79, p. 351]).

2Further data on the pseudosquares, including a list of least prime solutions, can be found in Tables
6.24 and 6.25 in Section 6.5.3.

®Of course we are assuming here that the least solution of (6.3) is not a perfect square.
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Theorem 6.5 (Mertens’s Theorem)

(r-1)
==~

p<z

e_’y

logz’

where v = 0.57721 is Euler’s constant.

By Mertens’s Theorem we get

L, ~ ¢;2"logp
for a constant ¢; = 2e”, suggesting that the nt® pseudosquare should grow exponentially
in n.

We now state the Prime Number Theorem [HW79, p. 9].

Theorem 6.6 (Prime Number Theorem) The number of primes not ezceeding z, denoted

by m(z), is asymptotic to x/logz:

m(@)~ logz’

An equivalent statement of the above theorem is
n ~ p,/logp,.

Indeed, our heuristic analysis for the growth rate of the pseudosquares suggests that
since, n ~ p,/log p,, we should have a growth rate for L, of the form 2(7’/l°g7’)(1+°(1)), a
suggestion confirmed numerically in Figure 6.1. We should also point out that this growth
rate for L, could also be predicted from the plausible assumption, made by Bach and
Huelsberger in [BH93], that pseudosquares will provide extreme values of G(p). Here G(n)
represents the smallest value of & such that the primes < z generate the multiplicative

group modulo n.

In Figure 6.2, we present a plot of the values of log(L,/logn) for the L, given in
Table 6.1 against the values of n. The straight line represents the least squares line fitted

to these data. For this line we have

y = 0.67987n + 4.4835
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Although there are very few sample points for our graph, the slope of this line appears
to be approaching the value of log 2 = 0.69315, which we would expect from our heuristic

analysis.

Thus, these numerical data lend some support to the heuristic belief that L, should
grow exponentially in n. While nothing has been proved, the data presented here make
a very strong empirical case for a fast growth rate of Ly, suggesting that it may be
possible to provide a proof, without using the ERH, that L, grows sufficiently quickly
that Theorem 6.4 provides a deterministic polynomial primality test when B = 1.
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[ »p L, l Source ]
3 73 | Kraitchik (1924)
5 241 | moveable strips
7 1 009
11 2 641
13 8 089
17 18 001
19 53 881
23 87 481
29 117 049
31 515 761
37 1083 289
41 3 206 641
43 3 818 929
47 9 257 329
53 22 000 801 | Lehmer (1928)
59,61 48 473 881 | bicycle chains
67 175 244 281 | Lehmer (1954)
71,73 427 733 329 | SWAC
79 898 716 289
83,89,97 2 805 544 681 | Lehmer, Lehmer,
101 10 310 263 441 | and Shanks (1970)
103 23 616 331 489 | DLS-127
107,109 85 157 610 409
113,127 196 265 095 009
131,137,139 2 871 842 842 801 | Lehmer (1973)
149,151 26 250 887 023 729 | DLS-157
157,163,167 112 434 732 901 969 | Patterson and
173,179 178 936 222 537 081 | Williams (1988)
181,191 696 161 110 209 049 | UMSU
193 2 854 909 648 103 881 Stephens and
197,199 6 450 045 516 630 769 | Williams (1989)
211,223 11 641 399 247 947 921 | OASIS
227 190 621 428 905 186 449 | Lukes and Williams
229 196 640 248 121 928 601 (1991) OASIS 11
233 712 624 335 095 093 521 | MSSU (1994)
239 1773 855 791 877 850 321
241 2 327 687 064 124 474 441
251 6 384 991 873 059 836 689
257 8 019 204 661 305 419 761
263,269,271 10 198 100 582 046 287 689
277 | >40 000 000 000 000 000 000

Table 6.1: Pseudosquares

(Problem I in [LLS70])
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Figure 6.2: Pseudosquare growth vs. n
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6.1.3 Negative Pseudosquares

Definition 6.1.2 Let p be an odd prime. The negative pseudosquare N, is defined
as follows:
1. Ny = -1 (mod 8)
2. the Legendre symbol (—~N,/q) = 1 for all odd primes qg<p,
8. Np is the least positive non-square integer satisfying (1) and (2).
Recently the table of N, given in [Ste89] has been extended by Bronson and Buell

[BB93] from Ny1q to Naogr using their FPGA-based sieve. Using MSSU, we have extended
this list even further, to Ng9. The updated list ¢ is given in Table 6.2.

By quadratic reciprocity it follows that
(Pi/Lp) = (Pi/Np) =1
for all primes p; such that 2 < p; < p; thus it is easy to see that
M, = min{L,, N,}.

It is possible, then, for the test of Theorem 6.4 to be slightly better than the S-W test,
in that L, seems often to exceed N,. Shanks [Sha73] noted that the pseudosquare values
appear to be delayed by competition with the perfect squares, a phenomenon which does

not occur for the negative pseudosquares.

*Further data on the negative pseudosquares, including a list of least prime solutions, can be found in

Tables 6.22 and 6.23 in Section 6.5.3.
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[ p ] N, | Source l
3 23 | Lehmer, Lehmer
5 71 | and Shanks (1970)
7 311 | DLS-127
11 479
13 1 559
17 5771
19 10 559
23 18 191
29 31 391
31 1118 271
37,41 366 791
43,47,53 2 155 919
59,61 6 077 111
67 98 538 359
71 120 293 879
73,79 131 486 759
83 508 095 719
89,97,101,103,107,109 2 570 169 839
113,127 328 878 692 999
131 513 928 659 191
137 844 276 851 239 | Stephens
139 1043 702 750 999 | OASiS (1989)
149 4 306 732 833 311
151 8 402 847 753 431
157 47 375 970 146 951
163 52 717 232 543 951
167 100 535 431 791 791
173 251 109 340 045 079
179,181,191 493 092 541 684 679
193,197,199,211 1088 144 332 169 831
223 71 608 584 429 428 591 | Bronson and Buell
227 88 163 809 868 323 439 | SPLASH (1991)
229 218 748 706 425 968 039 | MSSU (1994)
233 423 414 931 359 807 911
239 695 681 268 077 667 119
241,251 1116 971 853 972 029 831
257,263,269 3 546 374 752 298 322 551
271 | >10 000 000 000 GO0 000 000

Table 6.2: Negative Pseudosquares

T value first appeared in [BB93]
(Problem II in [LLS70])
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6.2 Quadratic Polynomials Having a High Density of Primes

Let f4(z) denote the quadratic polynomial z2 + z + A (A € Z) and let P4(n) denote the
number of prime values assumed by fa(m) for 0 < m < n. In 1772 Euler discovered that
P41 (39) = 40; since then it has been learned (see, for example, Ribenboim [Rib88a]) that
P4(A—2)=A~-1 can only occur for A = 2,3,5,11,17,41.

In 1938, Beeger [Bee39] found the polynomials fa(z) with A = 19421, 27941, and
72491. He did this by computing all the positive integers N, < 10° of the form 8¢+ 3 such
that (~Np/q) = —1for ¢ =3,5,7,...,43; the only such numbers are N, = 77683, 111763,
289963. Poletti [Pol39] computed tables of P4(n) for these values of A and various values
of n up to 11000. He discovered that the polynomials fi7941(z) and fraa01(z) seemed
to be better at producing primes than the famous fa1(z). For example, he found that
P41(11000) = 4506; whereas Py7941(11000) = 4819 and Pry401(11000) = 4923 5. Today we
know that Py (10°) = 261081 and Pyrg4; (10%) = 286129. Thus, it appears that faroar(z)

has a larger density of prime values than f ().

6.2.1 The conjecture of Hardy and Littlewood

Neither Beeger nor Poletti seems to have been aware of Hardy and Littlewood’s [HL23]
conjecture F. This is somewhat surprising, given the relevance of this conjecture to the
problems that they were considering. If we denote by m¢(n) the number of prime values
assumed by the quadratic polynomial f(z) = az® + bz + ¢ for z = 0, 1,2,...,n, this

conjecture can be given in the form below.

5Poletti’s calculations contain some errors since the actual values of P41(11000) = 4507,

P27941 (11000) = 4831 and P72491 (11000) = 4943,
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Conjecture 6.1 (F) Let a > 0,b,c be integers such that ged(a,b,e) =1, d = b2 — dac is
not a square and a + b, c are not both even. Then there are infinitely many primes of the
form f(m) and

ny(n) ~ 3 &Cy Lin),

where
. " dr
Li(n) = /2 et
1 when 2 fa+b.
£ =
2 otherwise,
and

Cr= 11 “Z< 1= (d/n)/p-1)).

p>2 P LS
p[(a,b) pla

The products in the expression for Cy are taken over primes only. Note here that it is

really the value of eCy which determines the density of prime values assumed by £

We can derive a special version of Conjecture F which applies to fa(z):

Pa(n) ~ C(D) La(n),

where
n dz
LA(’n) = 2 A 1———-0ng($),
CD)=T[0-(D/p)/(p-1)). (6.4)
p23

Here D = 1 — 4A. It is clear that to maximize the value of C(D) we want (D/p) = —1

for as many small primes as possible.

For example, when A = 41, we have C(—163) = 3.3197732; whereas, if A = 27941,
then C(-111763) = 3.6319998 and if A = 72491, then C(—289963) = 3.6947081. Thus,
the numerical values that we have for C(D) here tend to confirm Poletti’s observations
about the superiority of Beeger’s polynomials to fa1(z) in producing primes. In fact, it

seems that Conjecture F provides us with a very accurate predictor of prime densities
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for quadratic polynomials. Indeed, Fung and Williams [FW90] found that values of
C(D) corresponded very closely to the actual values of P4(10%)/L 4(108). Previously,
experiments by Shanks [Sha59, Sha60, Sha63] have tended to confirm the truth of Hardy-
Littlewood Conjecture F.

Shanks [Sha75] developed a method for rapidly computing values of C(D) by trans-
forming the very slowly convergent infinite products of the Dirichlet functions into more
rapidly converging ones. He used this technique to make the first accurate computa-
tion of C(~163) = 3.3197732. Fung and Williams [FW90] developed a faster method
of computing C(D) however, unlike Shanks’s method, theirs was contingent on the Ex-
tended Riemann Hypothesis (ERH). For this experiment, values of C(D) were computed
by Michael Jacobson Jr. [Jac95] using a similar algorithm. To permit a broader search,
Jacobson extended the methods to allow C(D) to be computed for both positive and

negative discriminants D.

Under the ERH, using a result of Littlewood [Lit28] it can be shown that
C (D) < {1+ o(1)}e"loglog | D] (6.5)

where €7 = 1.781072418 (see [LPWa]). Thus, we would not expect to see a large rate
of growth in C(D), but it is nevertheless of some interest to find values of D for which

C(D) is relatively large.

6.2.2 Some results

In order to find values of D for which C (D) is large, we used the MSSU to search for all
values of D such that |D| < 10'°, D = 5 (mod 8), and (D/p) = —1 for all odd primes
< 199. Tables 6.3 and 6.4 list the C(D) hichamps, those D having a higher C(D) than
all preceding values of D. After examining the several thousand numbers produced by

this search, the largest C(D) value we found is

C(D) = 5.3670819
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for

D = -13598858514212472187.

Thus, if conjecture F holds, then
zt 4z + A,

where

A = 3399714628553118047

has the largest asymptotic density of primes for any polynomial of this type currently

known.

This surpasses the previous record set by Stephens [Ste89] using the OASIS sieve of
C(D) = 5.0978921

for

D = —2068660612674307.

In Table 6.5 we have listed some values of A corresponding to champion prime-
producing polynomials, ordered by increasing value of C(D). The values of L4 were
computed using the GP/PARI CALCULATOR Version 1.38 [BBCO93] to a precision of
8 digits, while a simple program written in Maple V Release 2 [CGG™T88] was used to
calculate the values of P4. Note that the first polynomial attributed to Fung & Williams,
extracted from Table 4.2 of [FW90], which appears towards the middle of our list, has the
highest value of P4(10°) known. Up to this value of A, the value of P4(10%) appears to
be increasing, however, values of A following this entry appear to have decreasing values
of P4(10%). This table also illustrates that the values of P4(10%)/L4(10%) appear to be
in close agreement with the computed values of C(D), with the notable exception of the
second last entry where there is some slight discrepancy. In order to determine whether
this discrepancy persisted, we computed P4(107)/L4(107) for A = 1712329866165608771
shown in Table 6.6. Here the value of P/L is in very close agreement with the computed

value of C(D).
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[ D R(D) | L(,x) c(D) |
-4311527414591923 3791896 | 0.181422319 4.5293043
-5513463660887323 4214276 | 0.178303796 4.6086597
-8842819893041227 5188215 | 0.173329485 4.7414735
-11779882219755787 5904498 | 0.170907994 4.8086435
-14363876114143483 6478729 | 0.169825875 4.8393795
-15326624594334307 6664840 | 0.169128322 4.8590033
-30462609261723907 9340770 | 0.168131466 4.8883007
-32779240456803163 9520419 | 0.165198649 | 4.9753684
-60792117776428667 11782274 | 0.164240716 5.0043010
-221328140358231307 24591656 | 0.164217459 5.0050646
-234391954943494723 24980688 | 0.162099963 5.0706939
-369885383792662483 31346105 | 0.161919767 5.0766794
-441899002218793387 33684408 | 0.159190549 5.1635912
-554395014308976163 37602038 | 0.158654209 5.1814176
-803608018073876563 45224688 | 0.158490531 5.1864453

-2038991582966171563 71351592 | 0.156980541 5.2369507

-2039953459173530587 70825967 | 0.155787373 5.2765336

-6849319464662435083 128288704 | 0.153997822 5.3384020

-13598858514212472187 179800672 | 0.153175728 5.3670819
Table 6.3: C(D)-hichamps (D<0)

[ D | R(D) LA(D)] LO,x) | <) ]
370095509388197 794079.6472497177 2 0.165107631 | 4.9779328
16710980998953317 5296924.2425040266 2 0.163901444 | 5.0144216
18974003020179917 2737025.3979827850 4 0.158960540 | 5.1711431

587108439330001613 30377994.3008864805 2 0.158584203 | 5.1831340

2430946649400343037 30781378.0110772471 4 0.157939344 | 5.2048129

3512773592849667053 146959147.1762363224 1 0.156820032 | 5.2422843

4927390995446922917 86988957.8224337937 2 0.156752908 | 5.2437622

Table 6.4: C(D)-hichamps (D > 0)
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[ A ] Source | Pa(10%) | L4(10°) [ PJL | ¢ ]
41 | Euler 261081 | 78716.099 | 3.317 | 3.3197732

27941 | Beeger 286129 | 78620.480 | 3.639 | 3.6319998

21425625701 | Fung & Williams 361841 | 76877.960 | 4.707 | 4.7073044
132874279528931 | Fung & Williams 312975 | 61495.079 | 5.089 | 5.0870883

517165153168577 | Stephens & Williams | 300923 59031.829 | 5.098 | 5.0976398
1712329866165608771 | Lukes & Williams 253677 | 47636.756 | 5.325 | 5.3384021
3399714628553118047 | Lukes & Williams 251841 | 46871.092 | 5.373 | 5.3670819

Table 6.5: Selected C(D)-hichamps

L A | PA000 | Za(10) [ PIL | C(D) ]
41 | 2208197 | 666062.07 | 3.3153 3.3197732
1712329866165608771 | 2543261 | 476367.34 5.3389 | 5.3384021

Table 6.6: Computations to z = 107 for Select C(D)-hichamps

In Table 6.7 below we extend the list of known values for N,. We also list the
value of C'(—N,)/e"loglog N, which from (6.5) we would expect to be not too far
from 1. Notice that with the exception of Np = 163 (see Shanks [Sha73]), the value
of C(-N,) /e"loglog N, is always less than 1. In fact, it does not seem to vary very

much from .8, a phenomenon that also occurs in Table 6.8.

If we define M, to be the least positive integer such that M, = 5 (mod 8) and
(Mp/q) = —1 for all primes ¢ < p, we would expect f4(z) to have a large density of
primes when A = (—M,, + 1) /4. In fact, according to Poletti [Pol51], Beeger was the first
to make a table of M,, values. Apparently, without knowledge of Beeger’s earlier work,
Lehmer [Leh37] computed M), values up to Mygg ©. This table was extended by Lehmer,
Lehmer and Shanks [LLS70] using the DLS-127 in 1970. In Table 6.8 we give the current

known list of M, values.

®The evidence in Lehmer’s unpublished sieve log indicates that the photoelectric sieve was used for

these computations.
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[ p [ N, | C(=N,) | C/e"loglogN, | Source B
3 19 | 94222046 4898691072 | Lehmer
5,7 43 | 1.6297209 6907193690 | (1936)
11, 13 67 | 2.0873308 .8160080075
17, 19, 23, 29, 31, 37 163 | 3.3197732 1144902784
41, 43 77683 | 3.3003388 7652967791
47 1333963 | 3.8123997 8088270556
53, 59 2404147 | 3.7793704 7896114897
61 20950603 | 3.8410195 7634423948
67 36254563 | 3.6365197 7146963938
71 51599563 | 3.8514289 7516514185
73,79 96295483 | 3.8528890 7430185677
83 114148483 | 4.0332358 7753453468
89, 97, 101, 103 269497867 | 4.1092157 7778960664
107 585811843 | 4.1185705 7694918661
109, 113 52947440683 | 4.3245257 7572257271 | Lehmer,
127 71837718283 | 4.6097143 8040827662 | Lehmer,
131, 137 229565917267 | 4.2679170 7341016471 | Shanks
139 575528148427 | 4.4746374 7616017156 | (1970)
149, 151, 157, 163 1432817816347 | 4.4163429 7442057577
167 6778817202523 | 4.5565681 7555810581 | Lehmer
173 16501779755323 | 4.7524812 ‘7812226289 | (unpublished)
179, 181 30059924764123 | 4.8379057 7907472063
191, 193, 197 110587910656507 | 4.9711959 8029226034 | UMSU
(1988)
199 4311527414591923 | 4.5293043 7096431032 | OASiS
(1989)
211,223 | 10472407114788067 | 4.6162389 7183819661 | MSSU
227,229, 233, 239, 241 | 22261805373620443 | 4.8576312 7517308637
251 | 132958087830686827 | 4.9146545 7509543608
257 | 441899002218793387 | 5.1635913 7826008352
263, 269 | 2278509757859388307 | 5.0669199 7598318105
271 | 5694230275645018963 | 5.2163043 7777801235
277 | 9828323860172600203 | 5.2552050 7809755689

Table 6.7: Values of N, and their sources

(Problem III in [LLS70))
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[ p l M, | C(M,) [ Cle"loglog My, | Source |
3 5 [ 1.7733051 2.092183985 | Beeger
5 53 | 1.3831458 -6632129467 | (1938)
7,11 173 | 2.0427655 6995030019
13 293 | 2.4386997 .7882818434
17 437 | 2.7933935 .8689101049
19, 23 9173 | 3.1227858 .7930297198
29 24653 | 3.1631443 7675628664
31, 37, 41 74093 | 3.0809338 7156647901
43 170957 | 3.3299831 7511667053
47, 53, 59 214037 | 3.2704656 7323038660
61 2004917 | 4.0077796 -8412252523 | Lehmer,
67 44401013 | 3.8743032 7583553099 | Lehmer,
71 71148173 | 4.1026493 7957213588 | Shanks
73,79 154554077 | 3.6684052 .7013201448 (1970)
83, 89, 97 163520117 | 3.8307572 7316144432
101, 103 261153653 | 4.3158954 8174685445
107, 109, 113 1728061733 | 4.2447622 7795290236
127 9447241877 | 4.5541813 .8158487534
131 19553206613 | 4.6250203 .8203779580
137, 139 49107823133 | 4.8420287 .8486487840
149, 151, 157, 163 385995595277 | 4.7144914 .8060573959 | Lehmer
(unpublished)
167 13213747959653 | 4.5147795 7437444245 | MSSU
173 14506773263237 | 4.7257867 7778006998
179, 181 57824199003317 | 4.7059530 7645367358
191, 193 160909740894437 | 4.7279560 7611110267
197, 199 370095509388197 | 4.9779329 7956168667
211 1409029796180597 | 4.9274990 7788910126
223 4075316253649373 | 4.9577054 7771038698
227, 229, 233 18974003020179917 | 5.1711431 .8011871230
239, 241 | 224117990614052477 | 4.7415726 7219229456
251, 257, 263 | 637754768063384837 | 4.7753226 .7220023457
269, 271, 277, 281, 283 | 4472988326827347533 5.0085747 .7479198393

Table 6.8: Values of M, and their sources

(Problem VI in [LLS70])
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6.3 Polynomials of the Form 22 + A

Lehmer, Lehmer and Shanks [LLS70] defined problem IV as those values of N, = —1 (mod 8)
with (Np/p;) = —(~1/p;). These numbers have application in the study of the density of
primes of the corresponding polynomials f,», 4(z) = 22 + A. Shanks [Sha60, Sha63] spe-
cialized Hardy and Littlewood’s [HL23] conjecture F to apply to polynomials of the form
fe2a(2). Using terminology consistent with the previous section (on prime-producing
polynomials of the form z2 + ¢ + A),if Ais an integer which is not a negative square,
A # ~k? and if Pp24 4(N) is the number of primes of the form z2 + A4 for 1 <z <N,
then
Poay a(N) ~ C(=A) Lay 4(N),

where
N dz

LopaW)= [ 2
() 2 log fyzy4(2)
and the constant C(—A) is the infinite product

-4\ 1
o[- ()5
(=4) pl; 2 ) p1

taken over all odd primes P, and for which (-A/ p) is the Legendre symbol.

From the above we see that to maximize the value of C(~A) we want the Legendre
symbol (-A/p) = —1 for as many of the small primes p as possible. These are the
conditions specified by Problem IV of Lehmer-Lehmer-Shanks. To minimize the value of
C(—A), it is desirable to have the Legendre symbol (—A4 /p) = 1 for as many small primes
p as possible. Thus, we would expect solutions of the negative pseudosquares problem
(Lehmer-Lehmer-Shanks problem II) to correspond to values of A for which the quadratic

polynomial 2% + A has an unusually low asymptotic density of prime values.

Shanks developed a rapidly convergent method for computing C(—A) and determined
that C(~1) = 1.37281346. Thus we would expect that

dz

N
Po2y1(N) ~ 1.37281346 /2 e @ 1)

(6.6)
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In 1973, Wunderlich [Wun73] computed the actual values of P2 ,;(10%) = 54110 and
P2 ,(107) = 456362 which agree very closely with the values of 53969.76 and 456403.75
respectively, assumed by (6.6). Using a simple program written in Maple [CGG*88]
we computed Pp2.,(10%) = 3954181, which also agrees very closely with the value of
3966660.2 predicted by (6.6).

In Tables 6.9 and 6.10 we present some statistics on those values of A for which the
asymptotic density of primes assumed by fi2ya(z), as given by C(-A4), is unusually
high. Again, the data in this list were computed by Michael Jacobson Jr. [Jac95], using
techniques similar to those described in the previous section. The data were compiled by
computing all values of N, = —1 (mod 8) such that (—N,/p;) = —1 for all odd primes
P <199 and 0 < N, < 108, These are the conditions specified by problem IV of Lehmer,
Lehmer and Shanks.

L A | A4 [ IO [ (=4 |
2216664949125463 | 7784956 | 0.519464661 4.7458184
2832651136748623 | 8322068 | 0.491229666 5.0198174
10594288233662863 | 15421007 | 0.470681051 5.2394369
225086816184343327 | 69841925 | 0.462477964 5.3321934

Table 6.9: C(—A)-hichamps (4 > 0)

[ A | Po2ya(105) | L2y 4(10°%) | P/LT C(=4) ]
2216664949125463 | 134547 28300.550 | 4.754 | 4.7458184
2832651136748623 | 141314 28105.536 | 5.028 | 5.0198174
10594288233662863 | 142132 27100.861 | 5.245 | 5.2394369

225086816184343327 | 133443 25027.941 | 5.332 | 5.3321934

Table 6.10: Computations to z = 10 for C(—A)-hichamps

Tables 6.11 and 6.12 list the same statistics for those values of A for which the asymp-
totic density of primes assumed by fz244(z), as given by C (D), is unusually low (also com-

puted by Michael Jacobson Jr.). The data correspond to all values of N, = -1 (mod 8)



CHAPTER 6. PROBLEMS INVOLVING QUADRATIC CHARACTERS 127

such that (~N,/p;) = 1 for all odd primes p < 199 and 0 < N, < 10, These are the
conditions specified by problem II of Lehmer, Lehmer and Shanks, the negative pseu-

dosquares (see Section 6.1.3).

Note that the approximation P/L is in close agreement to the value of C(—A) for
both Tables 6.10 and 6.12. The values of Lg2y 4 were computed using the GP/PARI
CALCULATOR Version 1.38 [BBCO93] to a precision of 8 digits, while Maple V Release

2 was used to calculate the P2, 4 values.

L A | A4 T I0x) [ o4 ]

1088144332169831
2085366568194719
34571718084771479
121036243821187439
140477714238295199
391724890376888591
427407728556837551
695681268077667119
1026219868955993351
1687542416179693919
1811049832613761871
2503702890956049719
2570304063059644799
4995724305819922919

95504500
135018400
562662108

1054370893
1138177140
1901072300
2008951026
2582308636
3148812910
4038842988
4189547100
4931770683
5012639100
7031222944

9.09558120
9.28862920
9.50685916
9.52106570
9.54016784
9.54240670
9.65379421
9.72641656
9.76509607
9.76741170
9.78029038
9.79177334
0.82254571
9.88283420

0.14528180
0.14225381
0.13897783
0.13877611
0.13849255
0.13846496
0.13685911
0.13582738
0.13529083
0.13526493
0.13508619
0.13492130
0.13450393
0.13368059

Table 6.11: C(—A)-lochamps (A>0)

In an attempt to find long strings of composite values assumed by quadratic polyno-
mials, we tested all of the values in Table 6.12 for # = 0,1,2,...10%. The largest string

of composite values was for the polynomial
(7 +216529)2 4 1687542416179693919 — z? + 433058z + 1687542463064501760

which is composite for z = 0,1,...2782, the first 2783 values of the polynomial. This, of

course is simply the polynomial

z? + 1687542416179693919 (6.7)
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| A lP,,z.,_A(lOG)[LIz.,_A(lOG)[ P/L | C(-4) |

1088144332169831 4212 28882.012 | 0.1458 | 0.14528180

2085366568194719 4007 28349.531 | 0.1413 | 0.14295381
34571718084771479 3619 26259.195 | 0.1378 | 0.13897783
121036243821187439 3532 25422.685 | 0.1389 | 0.13877611
140477714238295199 3524 25326.774 | 0.1391 | 0.13849255
391724890376888591 3387 24685.617 | 0.1372 | 0.13846496
427407728556837551 3337 24632.606 | 0.1355 | 0.13685911
695681268077667119 3227 24340.523 | 0.1326 | 0.13582738
1026219868955993351 3237 24112.365 | 0.1342 | 0.13529083
1687542416179693919 3286 23826.605 | 0.1379 | 0.13526493
1811049832613761871 3226 23786.573 | 0.1356 | 0.13508619
2503702890956049719 3263 23604.731 | 0.1382 | 0.13492130
2570304063059644799 3205 23590.112 | 0.1359 | 0.13450393
4995724305819922919 3127 23225.998 | 0.1346 | 0.13368059

Table 6.12: Computations to z = 106 for C(—A)-lochamps
translated by 216529, which is where the longest string of composite values assumed by
( 6.7) begins.

Using a similar format to that used by Lehmer, Lehmer, Shanks [LLS70, p. 444] we
present an updated list of the least and least prime solutions to Problem IV in Table 6.13.
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L p Least Solution N, | Least Prime Solution N, | Source 1
3,5 7 7 | Lehmer, Lehmer
7 127 127 | and Shanks (1970)
11 247 463 | DLS-127
13 463 463
17 487 487
19 1423 1423
23 33 247 33 247
29 56 743 73 327
31 74743 118 903
37,41 118 903 118 903
43 348 727 454 183
47 348 727 773 767
53,59,61 773 767 773 767
67 2430 943 86 976 583
71 2 430 943 125 325 127
73 2430 943 132 690 343
79 242 675 623 788 667 223
83 393 292 183 788 667 223
89 393 292 183 1280 222 287
97 393 292 183 2 430 076 903
101 1 656 835 783 10 703 135 983
103 2713 676 023 10 703 135 983
107 4 352 137 927 10 703 135 983
109 8 133 814 327 10 703 135 983
113,127 8 133 814 327 15 605 135 527
131 8 363 603 623 148 202 808 007
137 8 363 603 623 569 078 186 623
139 1 128 864 945 583 3 506 439 768 967
149,151 3 402 396 344 407 3 506 439 768 967
157,163 3 402 396 344 407 T 18 730 616 733 343
167 17 382 121 592 383 28 155 078 320 623 | MSSU
173,179,181,191 36 557 608 400 527 36 557 608 400 527
193 79 844 545 926 247 234 950 661 025 543
197 79 844 545 926 247 1338 417 926 295 487
199 2216 664 949 125 463 3 295 223 684 316 127
211,223 5 504 869 618 441 447 10 594 288 233 662 863
227 6 797 859 698 206 063 94 257 601 099 038 527
229,233 57 658 533 878 198 983 57 658 533 878 198 983
239 404 974 660 368 988 543 405 504 561 130 381 927
241 590 811 814 251 783 727 | >1 000 000 000 000 000 000
251 757 792 008 436 904 527 | >1 000 000 000 000 000 000
257 | >1 000 000 000 000 000 000 | >1 000 000 000 000 000 000

Table 6.13: Lehmer-Lehmer-Shanks Problem IV

1 value computed using MSSU
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6.4 Lehmer-Lehmer-Shanks Problem V

Lehmer, Lehmer, Shanks [LLS70] appear to have been the first to compute values for
Np = 5 (mod 8) with (N,/p;) = —(~2/p;) for all p; < p. They remarked that the resulting
list was quite short as many of the least solutions are valid for relatively long strings of p;
values. This is particularly noteworthy for the solutions Ns through N,3 which is a string
of 7 primes, and the solutions Nyg through N7 which has length 6. They also commented
that they were unsure whether this phenomenon was of significance, or merely a fluke.
Using the MSSU, we were able to extend these computations and correct one error present
in the original table. The correct value for Ny57, Nigs, and Nyg7 is 1068031603781, With
this correction, we break a string of 6 values of p; which was believed to be valid for the
same least solution, instead creating two smaller sequences of repeated solutions of length
3. For least solutions which we were able to compute beyond the range given by Lehmer,
Lehmer and Shanks, the tendency for least solutions to repeat does not appear to be as
pronounced as in the cases of earlier values. The updated table of values is presented in

Table 6.14.
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D |  Least Solution N, | Least Prime Solution N, I Source 7
3 5 5 | Lehmer, Lehmer
5,23 29 29 | and Shanks (1970)
29, .47 23 669 23 669 | DLS-127
53 1508 789 1 508 789
59 5 025 869 5 025 869
61,67 7 841 261 9 636 461
71 9 636 461 9 636 461
73 18 127 229 37 989 701
79,83 31 839 341 37 989 701
89,97 37 989 701 37 989 701
101,103,107 240 511 301 240 511 301
109 23 739 440 141 41 868 418 349
113 44 913 466 781 90 664 613 309
127,131,137 60 664 576 541 123 464 393 861
139,149,151 123 464 393 861 123 464 393 861
157,163,167 T 1068 031 603 781 1 833 287 692 469
173,179,181 1 833 287 692 469 1 833 287 692 469
191 * 551 844 211 352 981 1715 227 855 420 661 | MSSU

193 551 844 211 352 981 1826 528 575 689 869
197 1 826 528 575 689 869 1 826 528 575 689 869
199,211 3 560 698 230 077 381 3 560 698 230 077 381
223 7022 891 714 254 061 7 022 891 714 254 061
227 7 251 154 827 581 981 17 216 381 212 527 389
229,233 | 17 216 381 212 527 389 17 216 381 212 527 389
239 | 68 761 250 344 570 109 | 224 548 122 529 827 461
241 | 363 383 971 194 708 221 | >400 000 000 000 000 000

Table 6.14: Lehmer-Lehmer-Shanks Problem V

1 value computed using MSSU
* repeat value for p = 191, 193
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6.5 Examination of Littlewood’s Bounds on L(1,x)

In work performed in close collaboration with D.H. and Emma Lehmer, Shanks [Sha73]
conducted an extensive numerical examination of Littlewood’s bounds on L (1, x). In
order to discuss this work, and present new experimental data generated using the MSSU,
we shall briefly define some of the terms which will be used in this section and describe

some earlier related work.

6.5.1 The Analytic Class Number Formula

Let D denote a square-free positive integer, and let K = Q(\/E) be the quadratic field
formed by adjoining v/D to the rationals Q. If we define

2 when D =1 (mod 4)

r =
1 otherwise

then A = (2/r)* D is the discriminant of K. If
w= (A + \/Z) /2,
then
O=Z+uwz
is the maximal order (the ring of algebraic integers) of K.

If O* is the group of units in © and A > 0, then 0" = (~1,¢,), where £,(> 1) is the
fundamental unit of K. Let R = log ¢, denote the regulator of K. Since €, € O, we have
Ep = (:v + y\/Z) /2, where z,y € Z.

Let h denote the class number of K. The above fundamental invariants of K are

related by the analytic class number formula

2Rk = VAL (1,xa), (6.8)
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where
L (17XA) = }Eﬁ L (37 XA) ’

and the Dirichlet L-function is defined by
L(s,xa) =Y xa(m)n™ =] (1 - xa(p)/p°). (6.9)
n=1 p

The character x here is the Kronecker symbol (A /n); the Euler product on the right of
(6.9) is taken over all the primes p. Thus, in order for R to be large, say, it is necessary
for h to be small and L (1, xa) to be large. How often % can be small and how large (and
how often) L (1, xa) can become are very deep and difficult questions in number theory.
For example, the famous Gauss Conjecture asserts that h = 1 infinitely often and the

Extended Riemann Hypothesis (ERH) provides us with quite close bounds on I, (1,xa)-

6.5.2 The Search for Unusually Large Regulators

Define by p(D) the length of the period of the continued fraction expansion of +/D.
In [Wil81], Williams conducted a numerical investigation which suggested that p(D) is
O(v/Dloglog D). Defining

VDloglogD for D=1 (mod 8)

f(D) =
v Dlog log4D otherwise,

Williams showed that

mm=%%<m+mx

where

K; ~ 3.701223297,
provided the ERH is true.

Using G(D) as a relative measure of the period length, the numerical data provided in

[Wil81] suggests that in order to find values of D for which G(D) is large, it is desirable
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to consider values of D of the form g or 2¢ where ¢ is a prime for which ¢ = —1 (mod 4),

such that the Legendre symbol (D/ p;) = 1 for as many of the small primes p: as possible,

Patterson and Williams [PW85] defined the following three D-value types

(i.) D=3 (mod8), D prime,
(ii.) D=7 (mod8), D prime,

(iii.) D=6 (mod8), D/2 prime.

Using the UMSU sieve they provided tables of G(D) values for which G(D) exceeds G(d)
for all values of d < D for each of these three types. These computations were later
extended for each of these three types of D-values by Stephens [Ste89] using the OASiS

sieve for all D < 5 x 1015,

Since R(D), the regulator of Q(v/D), is expected by Lévy’s Law (see [Wil81]) to be
proportional to p(D), a large G(D) value is a likely indicator of large R(D). Also, from
the analytic class number formula (6.8), we see that for R to be large we desire that the
associated Dirichlet L-function, L (1, x), be large and that h, the class number, be as small
as possible; ideally the class number should be 1. Cohen and Lenstra [CL84, CL83] have
provided heuristics which suggest that for prime radicand values D, h =1 approximately
75% of the time. Thus we would expect that to find unusually large regulator values, we
should conduct a search for the same three types of D-values as was used to find long

period lengths p(D).

Instead of conducting a search for unusually large values of p(D) or R(D), we decided
to concentrate our energies on the related problem of finding extremal values of the
Dirichlet L-function L (1,x). Because earlier work in this area was performed by Shanks
[Sha73] using the comparatively slow DLS-157 sieve, our hope was that the MSSU could

provide valuable new experimental data on the size of L (1, x)-
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6.5.3 Littlewood’s Bounds on L(1,x)

Littlewood [Lit28] and Shanks [Sha73] have shown that under the ERH we have
{1+0(1)} (c1loglog A)™ < L(1,xa) < {1+ o(1)} czloglog A, (6.10)

where the values of the constants ¢1 and c¢; depend upon the parity of A:

12e7/7? when 2f A,
8e7/m?  when 2|A,

cC1 =

2¢” when 2fA
e’ when 2|A.

Cy =

In [Sha73], Shanks performed a numerical examination of (6.10) to study the possibility
of approaching these bounds, or even surpassing them. He noted that Littlewood gave
no description of the o(1) term in (6.10), giving neither its sign, nor the manner in which
it approaches zero as a function of A. Ignoring the o(1) term, Shanks defined for a fixed

A the upper and lower Littlewood indices as
ULI' = L(1,xa)/ (czloglog A) (6.11)
and
LLI = L(1,xa)ec1loglog A (6.12)

If (6.10) is true, then as A increases, we would expect that extreme values of the ULJ

and LLI would tend to approach 1.

In fact, Chowla [Cho49] has shown that for any positive € < 1,
l—c¢

ULI > and LLI < 2(1-¢)

hold, each for an infinite sequence of values of A. Furthermore, Joshi [Jos70] showed that
if ¢ and d are relatively prime positive integers and 8|d, then as A runs through prime

values congruent to ¢ (mod d), we have

1-1/p
1-(2)1/p

1-¢
ULr> —1]
pld
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and
1-1/p
LLT <2(1—¢ —_—
t-alli=my

infinitely often. Thus, if A is a prime and A = 5 (mod 8), we would have
LLT < (4/3)(1—¢)

infinitely often. Also, if A is a prime and A = 1 (mod 8), we would have
ULI > (1/2)(1-¢)

infinitely often.

Shanks tested (6.10) by attempting to produce values of A for which he might find
locally extreme values for the LLI and ULI. For example, if A = 5 (mod 8) and
(A/g) = —1 for all of the small primes ¢ less than some bound p, then we would expect
by (6.9) that L (1,xa) would be small. On the other hand, if A/4 = 7 (mod 8) and
(A/q) =1 for all the primes q < p, then we would expect L (1,xa) to be large.

Shanks made use of Lehmer’s numerical sieving device, the DLS-157, to find such
special values of A. He found no ULJ larger than 1; in fact, the largest ULI that
he found was .7333. Also, he found only a few LLI’s less than 1, however, these only
occurred for small values of A where we would expect the affect of the o(1) term to be
most significant. The values of the LLI’s tended to remain stable on average, or change
very slowly; whereas the ULI’s tended to increase very slowly for these special A values;

thus, these numerical trials lent support to (6.10).

Numerical Experiments

For both positive and negative discriminants |A| < 50000, Shanks was able to determine
those values of A having smaller values of L(1,xa) than all preceding values of A,
which he termed lochamps. Similarly, Shanks found those values of A having values of

L (1,xa) larger than any preceding values of A, which he termed hichamps. For larger
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discriminants, it was not feasible to compute L (1,xa) for each possible discriminant,
therefore, Shanks identified tentative hichamps and lochamps as the L (1,xa) values of
several types of quadratic characters which were likely to produce locally extreme values.
For our investigation we constructed lists of ULI hichamps for those types of discriminants
most likely to have large values of L (1,xa) and LLI lochamps for those most likely to

have small values of L (1, xa).

With MSSU, we were able to conduct this search for the kind of numbers that we
sought at the rate of over 4 x 102 per second, a considerably faster search rate than that
of the DLS-157. For D = 5 (mod 8) and (D/q) = -1, for ¢ = 3,5, 7,...,199, we found
all values of D such that 0 < D < 10'°. For D = 6 (mod 8) and D = —1 (mod 4) we
found all the values of D such that 0 < D < 100 and (D/q)=1for ¢ =3,5,7,. ..,199.
For D = 1 (mod 8) and (D/q) = 1 for ¢ = 3,5, 7,...,199, we re-used the list of values
generated in the pseudosquare search described in Section 6.1, providing us with a list
of D values for 0 < D < 4 x 10'° For the several thousand numbers that resulted, the
class number, regulator and L (1, xa) values were computed by using the Shanks heuristic
[MW92, p. 283]. These values were computed by Michael Jacobson Jr. (see [Jac95]). For
all of these values of D, both prime and non-prime, we evaluated the ULI’s or LLI’s.
The largest ULI we found is ULI = .741429825 . .. (L(1,xa) =4.98741315...,h = 2)
for

D = 2323617473234474719.

The least LLI we found is LLT = 1.24745080 . . . (L(1,xa) = 0.158960540...), h = 4 for

D =18974003020179917

Following Shanks, we define the symbols aR, (aN,) to represent the least integers

congruent to ¢ modulo 8 such that

(- (-
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L D | R Al LOx) [ IIT ]
370095509388197 | 794079.6472497177 | 2 | 0.165107631 1.25601176
18974003020179917 | 2737025.3979827850 | 4 | 0.158960540 1.24745080
Table 6.15: D = 5 (mod 8) — LLI-lochamps
L D | R [ A ] Llx) [ ULl |

6450045516630769 90756597.6965676137 | 4 | 9.04038245 | 0.706023128
11641399247947921 | 491322389.3502864803 | 1 9.10739051 | 0.708086652
30819994040589121 | 807859472.4921805586 | 1 9.20342636 | 0.710441965
116307279575913409 | 1603698785.2191524967 | 1 | 9.40479529 0.719187024
309361186961076121 | 659373276.4916228329 | 4 9.48393166 | 0.720412930
2305984263805598401 | 7377563911.9100995120 | 1 9.71661078 | 0.728492958
6476334166896360649 | 1245808525.9986525809 | 10 9.79076596 | 0.729352585
11917728321713151001 | 4247532486.6139021970 | 4 9.84305599 | 0.730537438

Table 6.16: D =1 (mod 8) — U LI-hichamps

for all odd primes g < p. We provide tables ( 6.20 through 6.29) of aR, fora =1, a = 6,
a =3 and 7, and aN, for @ = 5 and also similar tables of aR;, and aN, when we added
the extra constraint that aR, and aN, be prime, together with the corresponding ULI
and LLI values. We have also included the data for —7R, which we gathered during
our search for negative pseudosquare values described in Section 6.1.3. Notice that the
tendency is for the ULI’s to very slowly increase and for the LLI's to remain stable
with minor fluctuations about 4/3. Thus, the results that we have obtained completely
support Shanks’ earlier findings and therefore support the truth of (6.10). At the very
least, we have not found anything that would lead us to believe that the ERH has been

violated.

Although such values of D surely must exist, it seems to be very difficult to produce
a value of D with a ULI close to 1. We attempted to do this by finding a D value with
a large L (1,xa) value. We modified slightly an unpublished idea of Lehmer which he
employed to find the 20 digit value of D with a small L(1,xa) value that appears in
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| D R [ ] Lx) ] ULI |
5851505127988699 | 177728821.6530873557 | 2 | 4.64680087 | 0.718840689
17062309974303619 | 614369707.8820124509 | 1 | 4.70338879 | 0.722024977
19369243730308651 66039864.2223467303 | 10 | 4.74514884 | 0.727785680
20602619993714851 | 170879672.4976781991 | 4 | 4.76199755 | 0.730053523
134428259280597811 | 442693041.8869178770 | 4 | 4.82966935 | 0.731040320
370695282126782419 | 1483547793.6632413161 | 2 | 4.87329843 | 0.732795816
686289874744590691 | 4066647990.4097152107 | 1 | 4.90888418 | 0.735269175
4217347918605865891 | 2555341969.2165341982 | 4 | 4.97724826 | 0.737272524
Table 6.17: D = 3 (mod 8) — ULI-hichamps
] D R | k| L(O,x) | ULI
8265289127640406 | 410994766.1996174020 | 1 | 4.52071643 | 0.697582853
9442925344429966 | 457439232.0709417274 | 1 | 4.70738946 | 0.725690793
164913261020266126 | 1958556197.5128538633 | 1 | 4.82289989 | 0.729034169
382903329914535886 | 188017733.9645143813 | 16 | 4.86154405 | 0.730876784
574911115184562766 | 3718539673.4666251606 | 1 | 4.90424396 | 0.735394142
2249618179698381886 | 744815083.7612317213 | 10 | 4.96585525 | 0.738369948

Table 6.18: D = 6 (mod 8) — ULI-hichamps

Lehmer, Lehmer, Shanks [LLS70, p. 439]. We examined numbers of the form

where

D=A+BX
k
B = Hpia
i=j

pi is the i*h prime, and (A/p;)=1(Gi=j,j+1,.. ., k). In our case we used

and the least nonsquare value of A. We then employed the MSSU to sieve on values

B =271-277---313 ~ 5.277 x 10'°
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of

X by using as moduli 8 and primes p1,ps,. ..,y With p, < 269 such that A + X B =
6 (mod 8) and ((A+ XB)/p;) =1,i=1,2,...,m. Henri Cohen used the technique of
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[ D R h Ld,x) | ULI |
2871159201832639 | 246120736.6299490883 | 1 | 4.59324455 | 0.714308970
11343192346627639 | 126443772.9651967759 | 4 | 4.74886462 | 0.731122630

1250929971496804351 | 2741367017.0974877715 | 2 | 4.90208322 | 0.731510386

1548668327679299479 | 3055545592.8796488176 | 2 | 4.91065649 | 0.731827607

2323617473234474719 | 3801260801.6072624237 | 2 | 4.98741315 | 0.741429825

Table 6.19: D = 7 (mod 8) — U LI-hichamps
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[CDyDO093] to evaluate the L (1, xa) values for some of these D values. The largest ULI

occurred for

D= 13208708795807603033522026252612243246,

where L (1, xa) = 5.324999338...(h = 1). This is a large L (1, xa), but when we evaluate

the ULI we only get

ULI = .669706597,

a ULI value which is less than many others that we computed previously.
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R(Np)

[ A(Np) |

L(1,x)

LLI

3

5

7,11

13

17

19,23

29

31,37,41
43
47,53,59

61

67

71

73,79
83,89,97
101,103
107,109,113
127

131
137,139
149,...,163
167

173
179,181
191,193
197,199
211

223
227,229,233
239,241
251,257,263
269,...,283

5

53

173

293

437

9173

24653

74093

170957

214037

2004917

44401013
71148173
154554077
163520117
261153653
1728061733
9447241877
19553206613
49107823133
385995595277
13213747959653
14506773263237
57824199003317
160909740894437
370095509388197
1408029796180597
4075316253649373
18974003020179917
224117990614052477
637754768063384837
4472988326827347533

0.4812118251
1.9657204716
2.5708146781
2.8366557290
3.0422471121
12.4722335398
5.0562863725
7.2159755425
16.9391811055
28.9536703424
48.2972218460
352.5078318367
140.5395212093
694.9131538316
152.1367911189
512.3272362372
4021.1400400380
1252.3775392061
6209.5055811147
18804.6808640657
27068.0628101250
330785.2663571069
331149.0061978068
165998.4596144430
275610.2629809000
794079.6472497177
3130386.6897110315
5291574.7242182097
2737025.3979827850
10257518.4583975435
22908547.7970583540
14462868.4419286840

1

MOJAJBP—‘l—‘lQohAHHMHNQ'—'W@N@NO}N(»O‘AHHHHH

[uny

0.4304089410
0.5400249451
0.3909108412
0.3314383943
0.2910608308
0.2604465046
0.2576242629
0.2650980070
0.2458103797
0.2503336255
0.2046563391
0.2116081169
0.1999391491
0.2235889265
0.2141515205
0.1902175756
0.1934637347
0.1803893063
0.1776266063
0.1697151536
0.1742713488
0.1819965450
0.1738873705
0.1746381943
0.1738177824
0.1651076319
0.1667891884
0.1657808151
0.1589605408
0.1733380610
0.1721162807
0.1641219979

0.4435538722
1.6124663300
1.3879957859
1.2466975854
1.1376863198
1.2469607005
1.2908426649
1.3875884595
1.3249131722
1.3593113661
1.1854909180
1.3144216275
1.2533798811
1.4219776752
1.3633426429
1.2210459376
1.2808614165
1.2243143804
1.2175566563
1.1773388854
1.2392997833
1.3432519058
1.2845627585
1.3069830652
1.3128077070
1.2560117612
1.2829190333
1.2859302600
1.2474508061
1.3842259724
1.3841002940
1.3363105513

Table

6.20: 5N, - Least Solutions
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P Np R(Np) [ A(Np) ] L(1,x) l LLI ]

3 5 0.4812118251 1 0.4304089410 | 0.4435538722

5 53 1.9657204716 1 0.5400249451 1.6124663300

7,11 173 2.5708146781 1 0.3909108412 | 1.3879957859

13 293 2.8366557290 1 0.3314383943 | 1.2466975854

17 2477 6.4723486834 1 0.2600931403 | 1.1580285644

19,23 9173 12.4722335398 1 0.2604465046 | 1.2469607005

29 61613 36.2337073341 1 0.2919487298 | 1.5176456292

31,37,41 74093 7.2159755425 5 0.2650980070 | 1.3875884595

43 170957 16.9391811055 3 0.2458103797 | 1.3249131722

47 360293 68.2369106192 1 0.2273638631 1.2550449432

53 679733 92.0434915506 1 0.2232820974 | 1.2559265869

59,61 2004917 48.2972218460 3 0.2046563391 1.1854909180

67 69009533 869.6964342466 1 0.2093838307 | 1.3118207226

71 138473837 1369.2976968388 1 0.2327255204 | 1.4771395282

73 237536213 1725.6409680824 1 0.2239316727 | 1.4350861306

79 384479933 2087.3575497300 1 0.2129070310 1.3758049972

83 883597853 3018.2647139931 1 0.2030766526 | 1.3304141174

89, ...,113 1728061733 4021.1400400380 1 0.1934637347 | 1.2808614165

127 9447241877 1252.3775392061 7 0.1803893063 | 1.2243143804

131,137,139 49107823133 18804.6808640657 1 0.1697151536 | 1.1773388854

149 1843103135837 119080.8535909752 1 0.1754272744 | 1.2691535621

151,157 4316096218013 192239.8325709201 1 0.1850665020 | 1.3507860483

163,167 15021875771117 344898.8085837201 1 0.1779752480 | 1.3152047235

173,179 82409880589277 804942.5146297817 1 0.1773393937 | 1.3314686188

181 326813126363093 1551603.4111066732 1 0.1716567855 | 1.3044518825

191,193 390894884910197 1650908.4884553084 1 0.1670025115 | 1.2710155484

197 1051212848890277 547589.0434995716 5 0.1688921326 | 1.2960099142

199,211,223 4075316253649373 5291574.7242182097 1 0.1657808151 1.2859302600

227 | 274457237558283317 | 45653225.9568753417 1 0.1742866502 | 1.3937104898

229 443001676907312837 6097479.6722440887 9 0.1648998198 | 1.3228799251

233 599423482887195557 | 65388978.2285433153 1 0.1689147872 | 1.3578014995

239 | 614530964726833997 | 64783176.9720669673 1 0.1652800183 | 1.3288014118

241,...,263 | 637754768063384837 22908547.7970583540 3 0.1721162807 | 1.3841002940

Table 6.21: 5N, - Least Prime Solutions
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P Rp |_h-Rp) [LO,x) [ ULT ]
3 23 3 | 1.96520 | 0.482759
5 71 7 | 2.60986 | 0.505323
7 311 19 | 3.38472 | 0.543767
11 479 25 | 3.58857 | 0.553535
13 1559 51 | 4.05785 | 0.571024
17 5711 109 | 4.53127 | 0.589579
19 10559 153 | 4.67767 | 0.589863
23 18191 213 | 4.96136 | 0.610004
29 31391 289 | 5.12442 | 0.615461
31 118271 606 | 5.53583 | 0.632266
37,41 366791 1121 | 5.81495 | 0.640061
43,47,53 2155919 2968 | 6.35034 | 0.665221
59,61 6077111 5092 | 6.48917 | 0.662786
67 98538359 21934 | 6.94168 | 0.669054
71 120293879 24503 | 7.01854 | 0.673968
73,79 131486759 25817 | 7.07317 | 0.678107
83 508095719 51460 | 7.17210 | 0.671580
89,...,109 2570169839 122106 | 7.56669 | 0.690615
113,127 328878692999 1499699 | 8.21553 | 0.703613
131 513928659191 1870227 | 8.19582 | 0.698368
137 844276851239 2449750 | 8.37585 | 0.709779
139 1043702750999 2722860 | 8.37310 | 0.707902
149 4306732833311 5610919 | 8.49395 | 0.707476
151 8402847753431 7881499 | 8.54172 | 0.706692
157 47375970146951 19213042 | 8.76934 | 0.713643
163 52717232543951 20080160 | 8.68841 | 0.706364
167 100535431791791 27781594 | 8.70457 | 0.703556
173 251109340045079 44300560 | 8.78269 | 0.704194
179,181,191 493092541684679 63175230 | 8.93783 | 0.712534
193,...,211 1088144332169831 95504500 | 9.09558 | 0.720378
223 71608584429428591 770037780 | 9.04022 | 0.693655
227 88163809868323439 883621890 | 9.34912 | 0.716310
229 218748706425968039 | 1389387790 | 9.33255 | 0.710576
233 423414931359807911 | 1972365462 | 9.52257 | 0.721831
239 695681268077667119 | 2582308636 | 9.72641 | 0.734870
241,251 | 1116971853972029831 | 3235883052 | 9.61881 | 0.724506
257,263,269 | 3546374752298322551 | 5849622617 | 9.75855 | 0.729663

Table 6.22: —7R,, - Least Solutions (Problem II)
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& R, [ AR [ LG [ UL ]
3 23 3 | 1.96520 | 0.482759

5 71 7 | 2.60986 | 0.505323

7 311 19 | 3.38472 | 0.543767

11 479 25 | 3.58857 | 0.553535

13 1559 51 4.05785 | 0.571024

17 5711 109 | 4.53127 | 0.589579

19 10559 153 | 4.67767 0.589863

23 18191 213 | 4.96136 | 0.610004

29 31391 289 | 5.12442 | 0.615461
31,37,41 366791 1121 5.81495 | 0.640061
43 4080359 3997 | 6.21634 | 0.640943

47 12537719 7457 | 6.61614 | 0.664792

53 30706079 12017 | 6.81292 | 0.671737

59 36415991 12719 | 6.62150 | 0.650614

61 82636319 20299 | 7.01518 | 0.678376

67,71 120293879 24503 7.01854 0.673968
73,79 131486759 25817 | 7.07317 | 0.678107
83,89 2929911599 128755 7.47285 0.680716

97 7979490791 219207 | 7.70933 | 0.692165
101,103 33857579279 456929 | 7.80136 | 0.686925
107 89206899239 761619 | 8.01103 | 0.696823

109 121560956039 883537 | 7.96118 | 0.689880
113,127 328878692999 1499699 | 8.21553 | 0.703613
131 513928659191 1870227 | 8.19582 | 0.698368
137,139,149 4306732833311 5610919 | 8.49395 | 0.707476
151 8402847753431 7881499 | 8.54172 | 0.706692

157 70864718555231 23298345 | 8.69480 | 0.704981

163 317398900373231 48337375 | 8.52374 | 0.682060
167,...,181 501108392233679 63401301 | 8.89779 | 0.709245
191,193,197 5551185799073591 217709085 | 9.17980 | 0.717736
199,211 7832488789769159 255145331 | 9.05706 | 0.706280
223,227 102097158739597271 957852561 | 9.41763 | 0.720820
229 315759454565514431 | 1702318729 | 9.51727 | 0.722846

233 868116409360316399 | 2849113533 | 9.60662 | 0.724771

239 | 3412527725201978759 | 5672915337 | 9.64757 | 0.721538
241,...,269 | 3546374752298322551 | 5849622617 | 9.75855 0.729663

Table 6.23: —7R, - Least Prime Solutions (Problem II)
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p Ry R(Ry) I h{Ry) L(1,x) l ULI
3 73 7.6666904193 1 [ 1.7946364837 | 0.3459282982
5 241 18.7714934907 1 | 2.4183563839 | 0.3988910181
7 1009 6.9847171775 7 | 3.0784441441 | 0.4468651590
11 2641 90.1229885158 1 | 3.5073683588 | 0.4770019440
13 8089 178.2283912928 1 | 3.9633229771 | 0.5064209380
17 18001 282.9788464803 1 | 4.2182824066 | 0.5188848171
19 53881 541.5581275917 1 | 4.6661344671 | 0.5484838791
23 87481 711.1635824938 1 | 4.8088655542 | 0.5551442792
29 117049 846.0999760519 1 | 4.9461561691 | 0.5651217648
31 515761 1907.4520693120 1 | 5.3120160651 | 0.5787450482
37 1083289 2874.3057076656 1 | 5.5232002116 | 0.5892030098
41 3206641 1695.1784696826 3 | 5.6799106982 | 0.5890869201
43 3818929 5713.8264256957 1 | 5.8477156539 | 0.6039032227
47 9257329 9230.3898997539 1 | 6.0674637842 | 0.6137764192
53 22000801 2086.0812795921 7 | 6.2264429761 | 0.6181510043
59,61 48473881 22267.3855259820 1 | 6.3965430604 | 0.6249458203
67 175244281 8755.3143391106 5 | 6.6137810900 | 0.6307799850
71,73 427733329 70323.9694075417 1 | 6.8005936576 | 0.6386300530
79 898716289 9537.4088853210 11 | 6.9990931932 | 0.6493042832
83,89,97 2805544681 19261.8308091777 10 | 7.2730900489 | 0.6629482221
101 10310263441 380018.3647427944 1 | 7.4851360649 | 0.6696424663
103 23616331489 30603.4417531708 19 | 7.5674167131 | 0.6694690869
107,109 85157610409 571883.7911846249 2 | 7.8389166334 | 0.6822425198
113,127 196265095009 1724813.5179962550 1 | 7.7866491811 | 0.6709050799
131,137,139 2871842842801 7023729.3598930115 1 | 8.2892918290 | 0.6933157491
149,151 26250887023729 5468833.1146211778 4 | 8.5391111438 | 0.6987414036
157,163,167 112434732901969 |  45498659.9770372017 1 | 8.5817993364 | 0.6929425011
173,179 178936222537081 905318.6655122233 65 | 8.7982377693 | 0.7075170717
181,191 696161110209049 |  29450368.8819946960 4 | 8.9294733746 | 0.7098228696
193 2854909648103881 | 121507633.5651132951 2 | 9.0963543491 | 0.7148977642
197,199 6450045516630769 |  90756597.6965676137 4 | 9.0403824576 | 0.7060231286
211,223 11641399247947921 | 491322389.3502864803 1 | 9.1073905127 | 0.7080866524
227 | 190621428905186449 | 1011534665.9919609451 2 | 9.2673358433 | 0.7062716759
229 |  196640248121928601 | 2074591515.4625055871 1 | 9.3567793106 | 0.7129370864
233 | 712624335095093521 | 263678486.7019505920 15 | 9.3705617701 | 0.7078731164
239 | 1773855791877850321 | 506310756.6777648463 12 | 9.1236631113 | 0.6851762605
241 | 2327687064124474441 | 7232768052.8702567520 1 | 9.4813949390 | 0.7108158377
251 | 6384991873059836689 | 2004168448.1338770521 6 | 9.5177718982 | 0.7090778996
257 | 8019204661305419761 | 6728169524.1991089359 2 | 9.5036682582 | 0.7070422414
263,269,271 | 10198100582046287689 | 3783707520.3950194471 4 | 9.4786808275 | 0.7041556389

Table 6.24: 1R, - Least Solutions (Problem I)
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L P Rp I R(Ry) [ A(Rp) L,x) | ULI
3 73 7.6666904193 1 1.7946364837 | 0.34592829182
5 241 18.7714934907 1 2.4183563839 0.3988910181
7 1009 6.9847171775 7 3.0784441441 0.4468651590
11 2689 90.3456893558 1 3.4845125300 | 0.4733698982
13 8089 178.2283912928 1 3.9633229771 0.5064209380
17 33049 395.0737146868 1 4.3463927738 | 0.5209116675
19 53881 541.5581275917 1 4.6661344671 0.5484838791
23 87481 711.1635824938 1 4.8088655542 | 0.5551442792
29 483289 1817.6595926533 1 5.2292462452 | 0.5708252190
31 515761 1907.4520693120 1 5.3120160651 0.5787450482
37 1083289 2874.3057076656 1 5.5232002116 | 0.5892030098
41,43 3818929 5713.8264256957 1 5.8477156539 | 0.6039032227
47 9257329 9230.3898997539 1 6.0674637842 | 0.6137764192
53 22000801 2086.0812795921 7 6.2264429761 0.6181510043
59,61 48473881 22267.3855259820 1 6.3965430604 | 0.6249458203
67 175244281 8755.3143391106 5 6.6137810900 | 0.6307799850
71,73 427733329 70323.9694075417 1 6.8005936576 | 0.6386300530
79 898716289 9537.4088853210 11 6.9990931932 | 0.6493042832
83 8114538721 331798.4694693130 1 7.3666910346 | 0.6612462398
89 9176747449 351603.8308992703 1 7.3407292144 | 0.6577849731
97,101,103 23616331489 30603.4417531708 19 7.5674167131 0.6694690869
107,109,113,127 196265095009 1724813.5179962550 1 7.7866491811 0.6709050799
131,137,139 2871842842801 7023729.3598930115 1 8.2892918290 | 0.6933157491
149 26437680473689 21737796.4313188107 1 8.4553937843 | 0.6918446788
151 89436364375801 13405886.4246995330 3 8.5053015875 | 0.6881706881
157,163,167 112434732901969 45498659.9770372017 1 8.5817993364 | 0.6929425011
173,179 178936222537081 905318.6655122233 65 8.7982377693 | 0.7075170717
181,191,193 6072205049848081 343020804.2126533863 1 8.8039434062 | 0.6878756324
197,199,211,223 11641399247947921 491322389.3502864803 1 9.1073905127 | 0.7080866524
227,229 196640248121928601 2074591515.4625055871 1 9.3567793106 | 0.7129370864
233 781158046093912369 830497955.1883735070 5 9.3965647828 | 0.7094115069
239 6938117179828687609 4215890391.9340709644 3 9.6032834211 0.7150847819
241 9064125655411231729 | 14430633177.9254913048 1 9.5863310826 | 0.7126613881
251 15559176909429792409 18941964091.6491117336 1 9.6042110555 0.7116720874
257 18539153100230615161 20896666758.0590150037 1 9.7064867761 0.7185001674

Table 6.25: 1R,

- Least Prime Solutions (Problem I)
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l R(Rp)

| h(Rs)

L(1,x)

ULI

3

5,7

11

13

17

19

23

29

31
37,41
43
47,53
59

61

67

71

73

79

83

89

97

101

103
107,109,113
127,131
137,139
149,151
157,163
167

173

179
181,191
193

197

199

211

223

227
229

233
239,241
251,..., 269

22

46

214

1054

4174

5014

9454

34654

166846

189814

2185726

2237134

12020446
30628966
45735286
103345246
193438606
302673526
1399951606
1493483566
8813799094
8932573654
11391294814
16692514294
490184082166
771038637814
1052385901774
27266351212006
46075643128414
101596847251054
111010920394126
186677562227374
2769113411231974
7796793440819254
8265289127640406
9442925344429966
27130689396477286
62414818040620774
77991421972487566
230816476295404294
574911115184562766
1441979855850505414

5.9763444674
10.7928181024
27.9608415496
36.4425470915

153.0173430331
86.8113705157
125.4203677627
508.5862719586
1188.8221393565
1283.9621566596
4732.0598097346
4898.7805440843
5852.6129297062
18845.3636087480
23224.6896756745
36324.1970214383
12646.2805382172
15594.7382233309
71257.6997494259
74632.7843077108
370333.7974090586
373945.6035732992
208190.3399218793
65489.3575575022
1438149.3744667363
938914.0876846836
443737.1880325219
1448975.3984422674
7562458.7664037368
11240507.7537534517
5975308.1009565997
10370523.2619880009
9937273.1452172189
15101865.9096864397
410994766.1996174020
457439232.0709417274
127224468.6626642538
1187337674.0593696079
330118687.3920430143
1145918413.8038441345
3718539673.4666251606
1410649668.1724776074

1

fond
ﬂﬁmm»&»&mo&wmwl—‘HNM;&;&HF—‘HNHI—‘HHMMNHMHHH

NN

[ R e

1.2741609216
1.5913142134
1.9113637791
2.2450106929
2.3684511642
2.4519659982
2.5798251163
2.7320456249
2.9104422394
2.9470540629
3.2007545089
3.2752313716
3.3761326908
3.4051665099
3.4341892160
3.5731460735
3.6370663694
3.5855093740
3.8089500990
3.8624192745

.3.9446799718

3.9565816157
3.9012521771
4.0550838481
4.1082266003
4.2770839621
4.3255199181
4.4398416630
4.4564322467
4.4607286474
4.5369859957
4.5541345752
4.5321898896
4.6178131873
4.5207164332
4.7073894627
4.6343782946
4.7525904803
4.7283180497
4.7703505070
4.9042439697
4.6989363866

0.4772356074
0.5409893881
0.5618960324
0.5940462388
0.5846547786
0.6003392697
0.6150019700
0.6206640694
0.6294462049
0.6350231729
0.6484022341
0.6631418565
0.6598054998
0.6537540622
0.6545588488
0.6714799796
0.6764488578
0.6621139478
0.6873976022
0.6964030995
0.6943106082
0.6962851607
0.6844123343
0.7079819674
0.6899767584
0.7149410094
0.7207287357
0.7171894017
0.7165501371
0.7123880112
0.7240246579
0.7236159062
0.7050053676
0.7128664511
0.6975828539
0.7256907935
0.7091249540
0.7230714826
0.7182990644
0.7195099422
0.7353941426
0.7005822902

Table 6.26: 6R, - Least Solutions
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R(Rp)

| h(Rp)

L{1,x)

ULI

3

5,7

11

13

17

19

23

29

31
37,41
43
47,53
59

61

67

71

73
79,83,89
97

101
103,107,109
113
127

131
137
139,149
151
157

163
167

173

179

181

191
193,197
199

211
223,227
229
233,239,241
251
257,263

22

46

214

1486

4174

10774

13126

34654

166846

189814

2185726

2237134

25056574

30628966
45735286
103345246
548033014
1998450094
8813799094
8932573654
26026453534
31416841054
762216630646
1058804919286
1321651385014
3499659258286
25070229597526
48888369417694
129143129979406
184022456828926
256397742215806
600206879107606
2457721162815286
4142956695812806
7796793440819254
8265289127640406
9442925344429966
62414818040620774
150726700798733614
574911115184562766
2380303014240673006
4693358374126530406

5.9763444674
10.7928181024
27.9608415496
17.4517660960

153.0173430331
265.9615141646
298.6426033189
508.5862719586
1188.8221393565
1283.9621566596
4732.0598097346
4898.7805440843
16886.1067717626
18845.3636087480
23224.6896756745
36324.1970214383
87004.9198478119
55854.7212378159
370333.7974090586
373945.6035732992
647111.4921003566
723672.4155659130
3635072.1570969908
4298691.6955030604
4795026.1808554558
2635944.0116697690
22138339.9330482741
30359479.4996157916
50279000.9115376854
12173479.5622951690
71809801.1109845836
112267896.3002947161
224676759.2628898814
289298680.3684517510
15101865.9096864397
410994766.1996174020
457439232.0709417274
1187337674.0593696079
1854144221.5935088719
3718539673.4666251606
7394016196.7648550161
10456361930.7709409468

()
e B e e N T e S Ot S U SN

1.2741609216
1.5913142134
1.9113637791
2.2636015528
2.3684511642
2.5623019742
2.6066670535
2.7320456249
2.9104422394
2.9470540629
3.2007545089
3.2752313716
3.3734065692
3.4051665099
3.4341892160
3.5731460735
3.7165540272
3.7483012667
3.9446799718
3.9565816157
4.0111750552
4.0828249625
4.1636462684
4.1776141281
4.1709263874
4.2271197912
4.4214619921
4.3420172580
4.4243653791
4.4869302976
4.4846300804
4.5825277176
4.5320202993
4.4946021551
4.6178131873
4.5207164332
4.7073894627
4.7525904803
4.7758251191
4.9042439697
4.7925237558
4.8265715502

0.4772356074
0.5409893881
0.5618960324
0.5877935245
0.5846547786
0.6076452315
0.6134158918
0.6206640694
0.6294462049
0.6350231729
0.6484022341
0.6631418565
0.6500663311
0.6537540622
0.6545588488
0.6714799796
0.6800524999
0.6730487468
0.6943106082
0.6962851607
0.6964904169
0.7073144760
0.6960621408
0.6960411031
0.6933635780
0.6959670315
0.7147553709
0.6977931789
0.7051552920
0.7130221009
0.7107169880
0.7212823926
0.7056112649
0.6970637106
0.7128664511
0.6975828539
0.7256907935
0.7230714826
0.7223451197
0.7353941426
0.7123534720
0.7144982071

Table 6.27: 6R, - Least 2Xx Prime Solutions
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R(Rp)

[ A(Rp) |

L(1,x)

ULI

3
5

7

11

13

17

19

23

29

31,37

41

43

a7

53

59

61

67

71

73,79

83

89,97

101
103,107,109
113

127

131

137,139
149,151,157
163

167
173,179
181,191,193
197
,229
233
239
241,...,263
269,...,281

199,...

7

19

79

331

751

1171

5251

10651

18379

78439

399499

1234531

1394611

1427911

4355311

5715319

12807391
117678031
133826599
452980999
505313251
5273095699
9248561191
38816991931
257057640739
348113924239
782893951711
963864514519
20044941740191
35984570527819
46257585588439
53009903964319
2726829078460579
2871159201832639
97915624862375191
286657540188128671
632590969227841471
1905834685957869991

2.7686593833
5.8289369670
5.0751347504
36.2563832043
57.9421480629
25.3728064560
89.6157067802
270.8720689096
367.1977320417
813.5634679127
1890.8635586713
3537.8678099198
1901.1078275627
3841.3976895553
6958.9983656651
8109.8013153157
6078.5198036139
38495.7079874423
10617.1445316298
78083.7491911782
83941.6234166887
144314.3922955479
127289.8015022314
36197.2005113960
1042866.4276665458
2445102.4600630270
66997.9685271023
2107959.7675975439
453137.8910269472
6600795.7661293467
30459726.6874839799
16254586.3732151659
59344254.1621878925
246120736.6299490883
184534021.4196572267
249648958.6310063776
3833565622.4249429725
3348155946.0528215876

o )
Do N B O R e D R ke ke B b ke b e R QO R e (O e

>

[ S e Sl N

Pt
B e O

1.0464548848
1.3372498520
1.7129918110
1.9928310511
2.1143390118
2.2243919456
2.4733929630
2.6246357047
2.7085636844
2.9048613936
2.9915918664
3.1841286161
3.2196614114
3.2146870537
3.3345493442
3.3922666024
3.3970152569
3.5486618262
3.6711024130
3.6687715128
3.7341952366
3.9747225064
3.9707978385
4.0419108071
4.1138023671
4.1441585740
4.2403157062
4.2942202694
4.2508645843
4.4014738399
4.4785200370
4.4650611346
4.5457935599
4.5932445578
4.7178098548
4.6628138080
4.8199375134
4.8505731682

0.4881400578
0.5122417374
0.5495238232
0.5672551030
0.5706179805
0.5851342427
0.6043596044
0.6227107192
0.6293491820
0.6425763221
0.6316501081
0.6536169887
0.6590124154
0.6576303475
0.6653680285
0.6730177892
0.6630606931
0.6654255555
0.6869124037
0.6732611819
0.6841233484
0.7043189046
0.6984739720
0.6984501801
0.6957141056
0.6985536327
0.7086830471
0.7161568992
0.6885577345
0.7092476786
0.7200768951
0.7170629964
0.7072031159
0.7143089705
0.7156122281
0.7023046350
0.7223165935
0.7219566218

Table 6.28: 3R, and 7R, - Least Solutions
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[ » Rp R(Rp) [A(Rp) [ L(,x) ] vrr |

3 7 2.7686593833 1 ] 1.0464548848 | 0.4881400578

5 19 5.8289369670 1 | 1.3372498520 | 0.5122417374

7 79 5.0751347504 3 | 1.7129918110 | 0.5495238232

11 331 36.2563832043 1 | 1.9928310511 | 0.5672551030

13 751 57.9421480629 1 | 2.1143390118 | 0.5706179805

17 1171 25.3728064560 3 | 2.2243919456 | 0.5851342427

19 7459 73.0534161596 3 | 2.5375901542 | 0.6108320549

23 10651 270.8720689096 1 | 2.6246357047 | 0.6227107192

29 18379 367.1977320417 1 | 2.7085636844 | 0.6293491820

31,37 78439 813.5634679127 1 | 2.9048613936 | 0.6425763221

41 399499 1890.8635586713 1 | 2.9915918664 | 0.6316501081

43 1234531 3537.8678099198 1 | 3.1841286161 | 0.6536169887

47,53 1427911 3841.3976895553 1 | 3.2146870537 | 0.6576303475

59 4355311 6958.9983656651 1 | 3.3345493442 | 0.6653680285

61 5715319 8109.8013153157 1 | 3.3922666024 | 0.6730177892

67 49196359 24407.9038423932 1 | 3.4798778739 | 0.6624065327

71 117678031 38495.7079874423 1 | 3.5486618262 | 0.6654255555

73 180628639 49263.4242643637 1 | 3.6654836886 | 0.6824922473

79,83 452980999 78083.7491911782 1 | 3.6687715128 | 0.6732611819

89,97 505313251 83941.6234166887 1 | 3.7341952366 | 0.6841233484

101,...,109 9248561191 127289.8015022314 3 | 3.9707978385 | 0.6984739720

113 152524816291 6690.8406742078 239 | 4.0945703195 | 0.6964584023

113,127,131 348113924239 2445102.4600630270 1 | 4.1441585740 | 0.6985536327

137 916716646759 3976755.5379911352 1 | 4.1534724643 | 0.6930406209

139 1086257787619 637789.4742419198 7 | 4.2836002584 | 0.7135133432

149 4606472154439 707977.1594319826 13 | 4.2882329941 | 0.7041628149

151 4726529308939 9447793.5416737310 1 | 4.3456947426 | 0.7134228217

157 35032713351619 8533304.3173078870 3 | 4.3251542526 | 0.6971142316

163,...,179 46257585588439 30459726.6874839799 1 | 4.4785200370 | 0.7200768951

181 251274765020899 23977422.8668851469 3 | 4.5378414684 | 0.7192684281

191 316934672172031 81024861.1746746802 1 | 4.5512785800 | 0.7200367702

193,...,229 2871159201832639 246120736.6299490883 1 | 4.5932445578 | 0.7143089705

233,...,263 | 632590969227841471 | 3833565622.4249429725 1 | 4.8199375134 | 0.7223165935

Table 6.29: 3R, and 7R, - Least Prime Solutions
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Chapter 7

Some Results on Other Problems

7.1 On a Successor to Euler’s Polynomial X2+ X + 41

Let fa(z) denote the quadratic polynomial 22 + z + A (4 € Z) and let P4(n) denote
the number of prime values assumed by fa(m) for 0 < m < n. In 1772 Euler discovered
that f41(z) has the rather amazing property that P;;(39) = 40. Since then it has been
learned (see, for example, Ribenboim [Rib88a]) that P4(A—2) = A—1 can only occur for
A =2,3,5,11, 17, and 41, where the corresponding imaginary quadratic number fields
Q(v1 — 44) have class number 1. Before it had been established that 41 is the largest
value of A for which this phenomenon can occur, Lehmer [Leh37] made an attempt to
find a larger such value of A. Lehmer was able to show that if this larger A value existed,

it would exceed 1.25 x 109,

Lehmer’s approach to this problem was to first point out that if fa(z) is to represent

primes, then A must be odd. Also,
4fa(z)=(22z+1) - D,

where D =1 — 4A. Thus, if ¢ is an odd prime and D is a quadratic residue with respect

to ¢, or equivalently, that the Legendre symbol (D/q) = 1, then there must exist some
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z such that 0 < = < ¢ and fa(z) = 0 (mod ¢). It follows that if (D/g)=1and g < A4,
then there must be some value of  such that 0 < z < A — 2 and q| fa(z); thus, fa(z)
cannot be a prime and P4(A—2)# A - 1.

Lehmer tabulated the values of N, where p is an odd prime and N, denotes the least
positive integer of the form 8t + 3 such that (=Np/q) = —1 for all odd primes ¢ < p.
He computed all the values of N, for p < 107 and also determined that Nygg > 5 x 10°.
Now suppose that A > 41 and P4(A - 2) = A — 1; then we must have —D = 44 — 1 >
Nygy = 77683 and A > 19421. For if —D < Ny, then there exists some odd ¢ < 41 < A
such that (D/q) = 1, which is impossible. This implies that P4(A — 2) > 19420. Thus,
if =D < Njgo, then for some odd ¢ < 109 < A, we get (D/q) = 1; it follows, then, that
A= (-D+1)/4 > 1.25 x 10°. Lehmer noted that the values of N, seem to increase so

rapidly that it would appear most unlikely that we would ever have p>(Np+1)/4.

Since it seemed most unlikely to Lehmer that this value of A existed at all, he suggested
that instead of searching for a polynomial which represents A—1 consecutive prime values,
that a search should be undertaken for a polynomial better than Euler’s in the sense that
it is a prime for at least 41 consecutive values of z. In this case we would be searching
for a value of A such that P4(40) = 41. An observation due to Granville (see [LMW92])
is that if the prime k-tuples conjecture holds, then for any n € Z1 there exists a value
for A such that fa(z) is prime for z = 0, 1, ..., n. Denote by A(n) the least positive
integral value of A such that P4(n) = n + 1; then A(0) = 2, A(1) = 3,A(2) = A(3) =
5,A(4) = A(9) = 11, A(10) = A(15) = 17, A(16) = A(39) = 41.

Lehmer was also unsuccessful in his attempt to find A(40). Indeed, until fairly recently
no other quadratic polynomial of any kind which would produce more than 40 consecutive
prime values was known. Fung found a few examples in 1988 (see [MW90]) and a little
later Ruby discovered a polynomial which produced 45 consecutive prime values, the

current record holder in this respect. !

!In this we are assuming that the polynomial should produce distinct prime values. Otherwise, Escott’s
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MSSU was used to search for the value A(40). If we put K = A(40), then we want a
value of K such that K, K+2,K+6, K +12, K+20, K +30, K +42, K+56, ..., K +1640

are al]l primes.

This means that

K=1 (mod?2)

K =2 (mod 3)

K =1,2 (mod5)

K =3,4,6 (mod7)

K =1,4,6,7,8 (mod 11)

If we continue this process for all of the moduli supported on the MSSU, we see that
the number of admissible residues for A(40) is (p — 1)/2 for all primes p < (2 x 41) = 82,
and p — 41 for all p such that 82 < p < A(40). Here, the smaller primes have a greater
effect on constraining our solutions than do the larger primes. Algorithm 7.1 was used to

generate these congruences.

Since we know that A(40) > 229, we make use of all of the MSSU virtual rings to elim-
inate as many false solutions as possible. Unfortunately, a great number of false solutions
are still generated which must then be filtered using a fast prime test. The congruences
having moduli 2, 3, 5, 7 and 11 were combined, resulting in a single congruence of 30
residue values modulo 2310. The resulting maximum hardware sieving rate for the A(40)

problem on the MSSU is 192 million x 2310 = 4.435 x 10! per second.

Initially, a fast twin prime test was utilized using the strong pseudoprime to base 2
test on K and K + 2. For low values of K, where we would expect the density of twin

primes to be high, the twin prime filter (the SSUMon TWPM) proved to be a bottleneck and

polynomial z? — 79z + 1601 = fa1(z — 40), which is prime for n = 0,1,2,...,79, would hold the record.
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Algorithm 7.1 Generate A(40) Residues

FUNCTION GenA40Residues(Modulus) RETURNS Set ;
INPUT Modulus : Integer ;

1 : Integer ;
z : Integer ;
flag : Boolean ;
Residues : Set;

Residues — {};
FOR i — 0 TO (Modulus — 1) DO

flag — TRUE;
FOR z « 0 TO (Modulus — 1) DO

IF ( (i + z *z + z) mod modulus = 0) THEN
flag — FALSE;
ENDIF

ENDFOR
IF (flag = TRUE) THEN Residues « Residues U {i}

ENDFOR
RETURN(Residues);

End of Algorithm

sieving proceeded significantly slower than the maximum hardware rate. A large number
of false solutions were generated which then had to be eliminated using an off-line filter,
in this case, using a program written in Maple [CGG188], to calculate the number of
consecutive primes assumed by fx (z) for each value of K. For larger values of K, where
we would expect the density of primes to be lower, it was noticed that filtering had a
decreasing effect on the sieving rate. Once this was realized, a triple prime filter on X,
K + 2 and K + 6 was utilized which significantly reduced the number of false solutions
which had to be processed off-line.

After approximately 20 days of sieving on one MSSU, we were able to establish that
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if A(40) exists, then
A(40) > 108,

This is the highest bound so far known. We estimate that it would require an additional

180 days of sieving on one MSSU to extend the search to 101°.

7.1.1 Computing A'(n)

It is apparent that it is quite a difficult problem to compute A(40). To get some indication
of how large we can expect the value of A(40) to be, we propose that values of A'(n) be
tabulated where we define A’(n) to be the least positive integer A’ > 41 such that f4(z)
is prime for z =0, 1, 2, ..., n. Here the exceptional values of ¢ = 2, 3, 5, 11, 17 and 41
are excluded from consideration for values of A’. We note that by our definition of A’ (n),

the value of A’(40) will coincide with that of A(40).

The selection of A’(0) = 43 is somewhat arbitrary, and we could just as easily have
defined A’(n) to be the least positive integer A’ not equal to 2, 3, 5, 11, 17 and 41, such
that fu/(z) is prime for z = 0, 1, 2, ..., n. This would result in an initial value of 7 for
our sequence. However, such a change in our definition would be of little consequence,

affecting only the first few values of the sequence A’(n).

Sieve programs were generated to compute successive values of A’(n). Observing the
resulting congruences, we note that the number of acceptable residues decreases gradually
for each successive value of n. For the prime moduli less than twice the n value, the
resulting congruences are quadratic in character. As with the A(40) case, we were able to
partition our sieve problems across 30 sieve chips modulo 2310, however all of the resulting
sieve problems were heavily filter-bound. To prevent generating enormous solution files,

a triple prime filter (TRPM) was used.

Unfortunately, the difficulty in computing this sequence limits the amount of nu-

merical evidence which we can provide to make claims about the growth rate of A'(n),
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nevertheless, the resulting tabulation of A’(n) shown in Table 7.1 seems to indicate an
exponential growth rate. If this is true, we would expect A(40) = A’(40) to be very, very

large, and there is little chance of finding it using sieving techniques.

Computation of A’(13), the largest entry in our table, required in excess of 16 days of
sieving using a single MSSU, an amount of computation nearly rivaling that of determin-
ing that A(40) > 10'8. The average canvass rate in computing A’ (13) was approximately
14.5 million per second. The values of A’(8) through A’(12) were confirmed by software
using a segmented version of the sieve of Eratosthenes which we were able to program
to run at a sieving rate of approximately 2 x 10® per second on a SPARCstation 10/51

workstation.

In 1989, Young and Potler [YP89] programmed a segmented sieve of Eratosthenes
on a Cray-2 supercomputer to search for large prime gaps, or long strings of consecutive
composite numbers. This extensive search tested all numbers up to 7.2 x 103 at a sieving
rate of approximately 8 million per second. This would indicate that a similar computer
search for A’(14) up to the range 7 x 10'® would require a significant expenditure of

computing power.
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L] A'(n) j
0 43
1 59
2 101
3 101
4 347
5 1277
6 1277
7 21 557
8 844 427
9 844 427

10 180 078 317
11 1761 702 947
12 8 776 320 587
13 27 649 987 598 537
14 | > 70 000 000 000 000

Table 7.1: Tabulation of A'(n)
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7.2 The Erdos-Selfridge Function

For k£ > 1, denote by g(k) the least integer > k + 1 such that no prime p < k divides
(g(kk)). This function grows rapidly with increasing k, is non-monotonic, and is difficult to
compute for even modest values of k. The behavior of g(k) was first studied by Ecklund,
Erdds and Selfridge [EES74] who tabulated g(k) for k& < 40 as well as g(42), g(46), and
9(52). These are all the values of g(k) < 2500000 when k < 100. The table was extended
to include all the values of g(k) for k£ < 140 by Scheidler and Williams [SW92] using sieving
techniques. These computations were performed using the OASiS sieve. The largest of
these values, g(139), is a 17 digit number. Sieving was continued for 141 < k < 155 but

the results were never published.

Erdds, Lacampagne and Selfridge [ELS93] showed that g(k) > ck?/Ink for some
absolute constant ¢ > 0, and based on previous numerical evidence, conjectured much
larger lower bounds, such as g(k) > k> for k > 35 and g(k) > k° for £ > 100. They
defined the following

Definition 7.2.1 The binomial coefficient (]Z) is said to be good if the least prime factor

of (JX) is > k.

Definition 7.2.2 For 1 < ¢ < k write N — k + 1 = a;b; where b; contains those prime
factors > k, and a; contains those prime factors < k. Define the deficiency of a good

binomial coefficient as the number of ¢ for which b; = 1.

Thus the function g(k) can be expressed as the least integer N for which (IZ ) is good. One
of the outstanding conjectures of Erdés, Lacampagne and Selfridge is that the deficiency

of (g(kk)) is 0 for k > 46. Using the results of Scheidler and Williams, they were able to

verify this conjecture to k = 149.

To extend the computations of values of g(k) for & < 200 the algorithm of Scheidler
and Williams was adapted for the MSSU sieve (see [LSW94]). Recomputation of previous
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values revealed an error in the value of g(138) given in [SW92]. These new results are
consistent with the lower bounds conjectured in [ELS93] and possibly suggest an even
larger bound. Indeed, recently, Granville and Ramare [GR94] proved that there exists an

absolute constant ¢ > 0 such that

g(k) > exp (c (log3 k/loglog k)l/z) .

7.2.1 The Sieving Algorithm

The sieving method used for tabulating g(k) was first described in detail by Scheidler and
Williams in [SW92]. The algorithm makes use of a result which is due to an observation
by Kummer in 1855 (see [GR94]) about the divisibility of binomial coefficients. This was
stated as Theorem 1 in [SW92] as

Theorem 7.2.1 Let

t 1
n=3 bp', k=) ap
i=0 =0

be the base p representations of n and k, respectively, where p is a prime. Then p[ (}) if

and only if b; > a; (=0, 1,..., ).

This is the basis of determining a set of possible residues modulo p™ to be used for
our sieving problem. For a detailed explanation of the algorithm and how it was derived

see [SW92].

To compute the base p representation of an integer &, Scheidler and Williams use the

following:

It

m
k:Zaip’, 0<a;<p-1 for ¢=0,1,...,m; a, #0
=0
is the base p representation of £ where m = |log, k| > 1, then the coefficients a; can be

computed by a simple iteration putting

so =k, ag=k (mod p)
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S; — a;
b

ai+1 = siy1 (mod p).

Si41 =

For each fixed positive integer k, the moduli of our sieving problem are the values p™
where p is a prime, p < k, and p™ < k < p™*1, je. m = [logp k|. For each modulus p™,

the corresponding admissible residues are determined as follows:

Fori=0,1,...,m, set

Ci={ai,ai+1,...,p—1}
and recursively define the sets
By=Co, Bi=Bi1+Cip'={b+cp'|beBiy,ceC} (i=1,2,...,m—1).

Then B; = Co + C1p+ Cop® + --- + Cip* for i = 0,1, .. .,m — 1. The set of admissible

residues corresponding to modulus p™ is B,,_;. Each solution z of
z (mod p™) € By (7.1)
is checked for the additional filter condition
x
[_EJJ (mod p) > ay,. (7.2)
P

The least integer @ satisfying (7.1) and (7.2) for all primes p < k is g(k).

7.2.2 Implementation

To generate problem files for the MSSU, a problem generator program was written which
accepts a k value as a parameter. An on-line filter named ERDO was written to test
each value z which satisfies (7.1) for condition (7.2). Since the value of k is a parameter
of the filter routine, used to determine values for p™ and @, the problem files specify
the k-value using the PROBLEM PARAMETER feature in the parameters section of the
problem file.
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Often the problem generation algorithm will require the use of moduli which are prime
powers. For k values near 200, we can expect moduli of 27 = 128, 3* = 81, 5% = 125,
72 = 49, 112 = 121 and 132 = 169 to be specified. Since many of these moduli are not
available in hardware, a congruence modulo p™ may be reduced to a congruence modulo
p™ where n < m. The residues in B,,_; are then mapped, or folded, onto a possibly smaller
set of residues modulo p"”. The congruences “lost” in the process of residue folding are
implemented in software using an off-line filter that screens out “false” solutions. This
does not slow down the sieving process, as the number of false solutions is sufficiently

small to avoid a bottleneck.

Partitioning the problem

Partitioning of the sieve problem on the MSSU is complicated by the fact that for moduli
which are prime powers there can be two or more possible partitionings due to residue
folding. Note also that a partition congruence can be “optimized out” by the MSSU
system, and thus a partition congruence can be specified which is not supported by the
underlying hardware. For example, for g(179) we have the following eight residue classes

modulo 128

PARTITION( 128 : 51 &5 59 63 115 119 123 127 ; )
This is equivalent to the four residue classes modulo 64

PARTITION( 64 : 51 55 59 63 ;)

Although this 4-residue congruence has half the modulus value of the congruence
modulo 128, it is more likely that we will be able to combine this congruence with others
to achieve a higher overall rate. However, if other partitionings exist which would result
in a higher sieving rate, it may be preferable to partition the problem by folding the

above residues onto the modulus 4, resulting in the following single-residue congruence
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PARTITIONC 4 : 3 ; )

Subject to limitations of the system, namely that the combined modulus be < 2%, a
single-residue congruence can always be combined with an existing set of partition con-

gruences.

Therefore, the partition congruences should be selected from the many different pos-
sibilities in such a way that M is maximal. Clearly, congruences with few admissible
residues (single-residue congruences in particular) and large moduli are most desirable.
The number of choices is further increased when partitioning is combined with the effects
of tesidue folding, since for partitioning purposes, a reduced modulus m; = p" need not
actually be supported by the underlying hardware. However, the total number of con-
gruences is sufficiently small to make an exhaustive search for the optimal combination

of residue folding and congruence partitioning computationally feasible.

We conclude this section with a comment on the speed-up suggested in [SW92] in the
case where k + 1 is composite. In this case, each solution candidate n for g(k) satisfies
n=-1 (mod k+1), so one can sieve on (n+1)/(k+ 1) rather than n and speed up the
process by a factor of k+ 1. The MSSU algorithm achieves essentially the same speed-up
as follows. For each prime divisor p of k+ 1, modulus p™ is folded onto modulus p* where
a is the largest exponent such that p* || k 4 1. This results in a single residue congruence
n=-1 (mod p*) (see the proof of Lemma 2 in [SW92]). Combining these congruences
for all primes dividing k + 1 yields a single residue congruence n = -1 =k (mod k+1).

7.2.3 Computational Results

We recomputed g(k) for all & < 140 and found an error in the table given in [SW92]
for k = 138. The correct value is g(k) = 601242167764223. We also computed g(k) for
141 < k < 200. These values are given in Table 7.2. To show the enormous increase in

speed of MSSU versus OASiS, the device used for the computations in [SW92], we point
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out that OASiS required 11 days 11 hours for computing ¢(139), whereas MSSU achieved

this task in a mere 4 minutes (including time to load and verify the problem).

We verified that the deficiency of (°(F)) is 0 for 135 < k& < 200 which is consistent
with the conjecture of Erdés, Lacampagne and Selfridge that the deficiency of (¢ (kk)) is 0
for k > 46.

Sieving rates varied greatly for various values of k. The fastest sieving rate occurred
for k = 199 with a hardware count rate of 7.5 X 10'® per second, requiring less than
20 hours to compute ¢(199). One of the more difficult values of k to compute was 198
with a hardware sieving rate of 3.3 x 10'3. This would have taken more than 50 days to
compute using only 32 sieve chips. However, we were able to re-partition the problem
into 5 subproblems requiring 24 sieve chips each and were able to verify a solution in
under 10 days. Due to the very low rate at which solution candidates were generated,
solution filtering had a negligible effect on the observed sieving rate. Surprisingly, even
with the introduction of false solutions by residue folding, and optimizing out many of
the sparse congruences using partitioning, sieving proceeded at essentially the maximum
theoretical hardware sieving rate. Using a 6-way partitioning, it took approximately 30

days to compute the largest value found, g(200), which is a 23 digit number.

The table shows that there are frequently significant gaps in size between g(¢—1) and
g(q) where ¢ is a prime. To highlight this property, prime values of k¥ appearing in our
table are displayed in a bold font.

We now provide some evidence to explain this phenomenon. First, we state a Lemma
and Corollary which were first proved in [LSW94]. Denote by r,(k) the number of residues

specified for modulus p when computing g(k).

Lemma 7.2.2 (Lemma 3.7 in [LSW94]) Let k = ¢*, q a prime, t > 1. Then for any
prime p < k, the number of admissible residues for modulus p™, m = |log, k|, satisfies

the following properties.
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1. If p = q, then rp(k) = p™, rp(k — 1) = 1 if m > 1, and no power of p is included in
the moduli for k — 1 if m = 1.

2. If p# q, then

1
rp(k) = rp(k — 1) (1 - kp> )

where k, =k —~1 (mod p), 1 <k, <p-—1.

Corollary 7.2.3 (Corollary 3.8 in [LSW94]) Let k = q be a prime. Then the moduli in
the congruences for both g(q) and g(q — 1) are ezactly the powers p™ where p is a prime

less than q and m = |log, k]. Furthermore, for each such prime p,

rp(q) = 1p(¢ — 1) (1 - qup) )

where ¢, =¢—1 (modp), 1<qg <p-—1

Corollary 7.2.3 implies that

rp(q) < mp(q— 1) (1 - %)

for each modulus p™, p < q. Denote by P,(k) the probability that a solution candidate
« satisfies (7.1). Then under the reasonable assumption that each admissible residue is
equally likely we get

Bk = 28,

so the probability that z satisfies (7.1) for all moduli p™ is

P(k) = ][ Po(k)-

p<k

It follows that
1
P(g)< P(g-1) ] 1-2).
p<g-1 P

By Mertens’s theorem

~
IIa- l) ~ s
ok P log k
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hence the two probabilities P(¢—1) and P(g) will tend to differ by at least a factor which
is proportional to log g. Thus, we expect the gaps between g(g — 1) and g(g) to increase

significantly for large primes gq.

7.3 Pseudocubes

Pseudocubes are defined to be those integers of the form 9%+ 1 which are cubic residues of
all primes less than or equal to some prime p, but are not perfect cubes. This problem was
first examined by Cobham [Cob68] who used a conventional computer search to produce
an unpublished table of pseudocube values up to p = 139. Stephens [Ste89] used the
OASIS sieve to extend this search to p = 313.

Although pseudocubes appear to have far less applicability than the pseudosquares,
their computation is instructive as they are an example of a sieving problem of cubic
character. More to the point, because features of the OASiS sieve make it particularly
well suited for computing pseudocubes, it is a good problem for comparing the relative
performance of the OASiS and MSSU sieves. Also, the pseudocubes problem gives us the

opportunity to test the perfect cube filter routines of Section B.2.

In an attempt to extend the list of known pseudocubes we expended 258 hours of
sieving time on one MSSU to search the interval from 0 to 10'7. One new pseudocube
value (not including repeats) was discovered to extend the table to p = 349. The complete
list of known pseudocube values is given in Table 7.3. Adhering to the format used
by Stephens (see Table 7-9 [Ste89, pp. 117]), we have omitted from our table listing
pseudocube values N, for primes p = 2 (mod 3) because they are all repeats with the

exceptions of N, and Ngz which are first occurrences.

Stephens noted that the relative scarcity of cubes as opposed to squares resulted in far
less filtering for the pseudocubes problem versus the pseudosquares problem. Stephens

also noted that since every number except 0 is a cubic residue modulo p if p = 2 (mod 3),
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Table 7.2: Tabulation of the Erdos-Selfridge Function

k g(k)
140 908985 4222866845
141 | 6333152 3816662671
142 | 1990465 6320115423
143 | 1542289 5461804543
144 139719 3586455769
145 339515 6674599871
146 17509 5016485374
147 72531 1731192223
148 1180 8400809148
149 542394 5342959799
150 47313 8520098551
151 | 3258989 9217872863
152 | 15549796 7465547419
153 | 53518499 5256751839
154 | 17864690 7528990874
155 | 4129798 4000013467
156 | 2527233 4970944959
157 | 104130829 7102375167
158 | 4702566 0758882783
159 | 6485551 8266246559
160 | 1664745 6280932287
161 342159 0108339941
162 20212 9337635322
163 | 5188127 2225707439
164 | 14664726 1829992439
165 | 9865227 4401898671
166 347584 7868933047
167 | 277308556 4165092343
168 | 48669223 2365306798
169 | 72698097 9380669099

k g9(k)
170 5942841 5007516671
171 928496594 9074228671
172 11223206 5794463997
173 138175311 6390427373
174 11057733 6695616174
175 194409219 4361247743
176 22625530 3912072703
177 19246523 8561441207
178 684480 9280136434
179 90787419 7930300859
180 43976301 6255983614
181 | 28336150170 1232528573
182 2898883863 4918997183
183 5351624705 6143575999
184 2662687844 8827721469
185 3713603655 0263266493
186 1 4274157994 6200597438
187 220884991 2824359867
188 127198106 5611178943
189 295629805 3153332989
190 45565223 2192890367
191 939688321 4719852991
192 106365072 4436901873
193 | 4 3525141972 8230720249
194 1 2638743588 3753706219
195 2632591216 1870817495
196 78151666 4215365373
197 | 4 2796097712 6350089949
198 1 3533936460 3654686198
199 | 4 0316886886 7096129999

200 I 520 8783889271 0191382732

166
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it was beneficial to use the variable-size ring feature of OASiS to omit these moduli and
instead load the hardware rings for moduli p where p = 1 (mod 3), excluding roughly
two-thirds of their residues. Using this technique OASiS was able to load 28 of these
“desirable” sparse moduli, while MSSU is only able to load 14 such moduli in its fixed-
size rings. Nevertheless, over the interval from 0 to 105, OASiS required 700 hours of
sieving time, whereas MSSU required less than 3 hours. OASiS was however much closer
to achieving its maximum hardware sieving rate of 4.25 x 10® per second versus an actual
rate of 3.97 x 108 over this range. This compared to the MSSU maximum hardware rate

of 3.145 x 10 per second versus an observed rate of 9.25 x 10°.

We attribute the very good showing of the MSSU on the pseudocubes problem to the
efficiency with which it performs filtering. The fast virtual ring filter gives MSSU the
capability to overcome much of the hardware limitations of the underlying SSU devices.
The MSSU perfect cube filter utilizes the fastest algorithm currently known for determin-
ing whether a given 128-bit binary number is a perfect cube. The PCUB filter is described
in Section B.2. In comparison, the OASIS algorithm was implemented using a custom
multi-precise math package which performed a version of Newton’s method followed by
a cube operation, requiring two multiplies and a comparison. It should be noted that
the OASIS rate could possibly have been significantly increased by re-partitioning the
pseudocubes problems into sub-problems as is done on the MSSU and employing a more
efficient perfect cube filter. However, it is our belief that it would not be long before the

solution rate would overwhelm the very inefficient filter capability of the OASiS system.

By experimentation, it was discovered that the sieving rate of the pseudocubes prob-
lem on the MSSU was very sensitive to the ordering of the virtual and perfect-cube filters.
If the perfect-cube filter was chosen as the prefilter and the virtual filter as the postfilter
then the sieving rate was one fourth of that of the alternate ordering. This illustrates
the importance of the user being aware of the relative costs of the filter routines when
specifying multiple filters. We expect that for the majority of problems where a virtual

ring will be used, it should be specified as the prefilter.
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l k| px l L, I Source l
* 1 2 17 | Cobham (1968)
4 7 71 | computer search
6] 13 181
8| 19 2 393
111 31 3 457
12| 37 5 669
14 | 43 74 339
18 | 61 74 339
19 | 67 166 249
21| 73 2275 181
221 79 7 235 857
* 23 | 83 17 298 927
25| 97 8 721 539
27 | 103 8 721 539
29 | 109 91 246 121
31 | 127 91 246 121
34 | 139 98 018 803
36 | 151 1612 383 137 | Stephens (1989)
37 | 157 1612 383 137 | OASIS
38 | 163 7991 083 927
42 | 181 7991 083 927
44 | 193 7991 083 927
46 | 199 20 365 764 119
47 | 211 2 515 598 768 717
48 | 223 6 440 555 721 601
50 | 229 29 135 874 901 141
53 | 241 29 135 874 901 141
58 | 271 29 135 874 901 141
59 | 277 406 540 676 672 677
61 | 283 406 540 676 672 677
63 | 307 406 540 676 672 677
65 | 313 406 540 676 672 677
67 | 331 75 017 625 272 879 381 | MSSU
68 | 337 75 017 625 272 879 381
70 | 349 75 017 625 272 879 381
73 | 367 | > 100 000 000 000 000 000

Table 7.3: Pseudocubes

* primes are = 1 (mod 3)

T value first appeared in [Ste89]
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7.4 Pseudopowers

A problem proposed by Bach et al. [BLSW95] is that of computing pseudopowers. For
example, a pseudopower of the base 2 is a positive integer which is not a power of 2
but looks like a power of 2 modulo all primes less than some bound. The pseudopower
problem is very much the analogue of .the pseudosquares problem (see Section 6.1), with

powers of 2, instead of squares.

Definition 7.4.1 We define an integer n to be an z-pseudopower of the base b if n is
not a power of b (hence n > 1), but looks like a power of b modulo all primes < z, i.e. if
for all primes p < z there erists an integer exponent e, > 0 such that n = b°» (mod p).

We denote the least such z-pseudopower as Py(z).

For simplicity, we restrict our definition of pseudopowers to bases where b is prime.
If n is the least z-pseudopower to base b and > b then n = 1 (mod b). Clearly if n is

divisible by b then n cannot be the least z-pseudopower since n/b is also a pseudopower.

Denote by (b)p the multiplicative group generated by b modulo p. Thus for base 2,
the least z-pseudopower must satisfy the following set of congruences for primes p; =

2, p2,..., pr Where pp < 2

n = 1 (mod 2)
n = 1,2 (mod 3)
n = 1,2,3,4 (mod 5)

n = 1,2,4 (mod7) (7.3)

n € (2), (modpz)
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It is not necessary to specify any additional filter conditions in addition to the set of
congruences (7.3) since the congruence n = 1 (mod 2) ensures that no actual power of 2
is generated as a solution. Of course, the solution candidate 1 is treated as a special case

and must be discarded.

7.4.1 A Heuristic Estimate for P,(z)

In [BLSW95] Bach et al. considered a probabilistic model for estimating the value of
Py(z). This is similar to the heuristic analysis performed in Section 6.1.2 for the pseu-
dosquares. The fraction of integers n satisfying the system of congruences (7.3) for p < n
is

[ 12l

3<p<e P

N | =

If we make the somewhat simplistic assumption that solutions to (7.3) are equi-distributed

throughout the region 0 to 2-3-5--.p; then we would expect that
P2(‘T) ~ Pé(x),

where

') = _P__ _pP_ p—1
&@‘2H|mA‘(H J(Ilmm) 74

3<p<o 2<p<a P T 3<p<a

By Mertens’s theorem (see Theorem 6.5), the first factor is asymptotic to e log z, where

7 is Euler’s constant. The second product can be expressed as

-1 -1
H P2 :exp( Z logf(—Q)—J).

s<pse | (2ol 3<p<a

Let cgk) denote the average value of log T]()_Ei_l over the odd primes p < pi. Assuming that

the value of cgk) for odd primes py < z has a limit ¢; as 2 — 0o, we can approximate
E35p$z log ]}()E_Y,I,T by ca(m(z) — 1).
In [BLSW95], arguments are presented to show that the average value of log <2—>i does

in fact converge to a limit value of ¢; = 0.927346 (correct to six figures). This suggests
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that
Py(z) = €"log(z) (e(”(m)“l))cz+o(l) . (7.5)

In fact, Bach et al. conjecture that

CaT

Py(z) ~ exp gz’

Table 7.4 lists the pseudopowers to base 2 computed using the MSSU sieve. Only the
“record-setting” values of k are listed, that is, those k for which Py(pr) # Pa(pr—-1). To
give some numerical evidence in support of the heuristic estimate for Py(z), we have also
tabulated the integer part of P!, the value of cgk) and the value of the ratio

v + loglog(py) + ¢§F (k — 1)

(k) _
By = log Pp(k)

We see that the value cgk) appears to converge slowly to the asymptotic value of

c2 = 0.927346. Nevertheless, as we would expect, it appears that ng) — 1.

As it turns out, (7.5) is not a very good predictor for the value of Py(z). This is due
not only to the slow convergence of the average value of log ﬁ{)%[ for odd primes p < z to
cz, but also the slow convergence of [] ;f—l over the primes p < z to €”logz. Within the

range of this table, P;(z) is a much more accurate predictor of the value of P(z).

7.4.2 Pseudopowers of Other Bases
In Tables 7.5, 7.6, and 7.7 we present our computations of the pseudopowers for bases 3,
5,and 7.

Recall that Py(py) is the least number greater than 1 satisfying n € (b),, (mod p;) for
1<k,pi#b,and n =1 (mod b) (if b < pg).

Using the same heuristic argument as before, we would expect

Pe)~b [ & (7.6)

?
2Sp_<_$,p#b I (b>P|
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L& | o ] Py(ps) | LP§(px)] R
1 2 3 2 | 6.000000 | 0.192
2 3 5 3 | 0.000000 | 0.417
3 5 7 3 | 0.000000 | 0.541
4 7 11 81 0.231049 | 0.807
5 11 23 91 0.173287 | 0.684
7 17 43 22 1 0.231049 | 0.799
9 23 127 48 | 0.259930 | 0.784
11 31 1087 314 | 0.387120 | 0.813
14 43 2209 2032 | 0.435612 | 0.982
15 47 2837 4152 | 0.454008 | 1.042
20 71 7603 9014 | 0.371013 | 1.016
21 73 115669 73115 | 0.456435 | 0.957
24 89 1062839 1212924 | 0.517447 | 1.007
25 97 4007837 2451119 | 0.524768 | 0.966
30| 113 38863631 61670169 | 0.543879 | 1.024
311127 101665279 1118873083 | 0.622095 | 1.129
33 | 137 234556697 2271540184 | 0.604875 | 1.117
36 | 151 1848054121 23188164852 | 0.618817 | 1.118
48 | 223 3131990286049 7128868199136 | 0.581310 | 1.028
50 | 229 41398091214971 21575451536777 |1 0.580003 | 0.979
511 233 335444151885977 173347593381698 | 0.609992 | 0.980
52 | 239 663176716985449 348151889228789 | 0.611623 | 0.981
53 | 241 10600009924847711 3496025221005765 | 0.644141 | 0.970
54 | 251 28185732773917153 17550046609448938 | 0.662354 | 0.987
55 | 257 | 306313044048233909 | 281897623664273568 | 0.701433 | 0.998

Table 7.4: Pseudopowers to base 2
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and,

Py(z) = (b— 1)e"log(z) (ewz)—l))“*"‘” (7.7)

where c; is the asymptotic average value of log ﬁ. To compare the data with heuristic
predictions, we also tabulated c,()k), (the average value of log ]%33,17[ over the primes different
from b and < p;) and the ratio

7 + log(b — 1) + loglog(p) + e (k — 1)

(k) _
B = Tog Pi(k)

forb=3, 5, 7.

7.4.3 The ¢, Values

Bach et al. [BLSW95] have presented arguments to show that the limit

. 1 p—1
lim —— log 2=~ 7.8)
M1, 2, e (

has a value ¢, where

¢ = 0.89846489937400140618.

The observed averages for log ﬁ for odd primes p < 108, p # b, for the bases 2, 3, 5, and
7 are 0.923, 0.896, 0.895, and 0.893, respectively. In fact, due to the quadratic character

of 2, the resulting constant for b = 2 is given by
cz = 0.9273460318973324607.

Bach et al. conjecture that the limit of the average value of (7.8) is ¢z for b = 2, and ¢

for all other bases, b = 3,5,7,...
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[ 6o [ Poiow) | & [ £ ]
1 2 5 | 0.000000 | 0.562
2 3 7 1 0.000000 | 0.701
4 7 13 | 0.000000 | 0.755
5| 11 31 | 0.173287 | 0.826
6| 13 157 | 0.415888 | 0.849
91 23 841 | 0.346574 | 0.770
10 29 859 | 0.308065 | 0.778
12} 37 1543 | 0.315067 | 0.820
13| 41 6241 | 0.422931 | 0.876
181 61 36481 | 0.485484 | 1.041
19| 67 170041 | 0.519547 | 1.001
20| 71 241081 | 0.528684 | 1.030
21 73 1515361 | 0.591837 | 1.023
27 | 103 16226731 | 0.550833 | 1.032
28 | 107 32913169 | 0.556104 | 1.030
29 1 109 52078027 | 0.585753 | 1.082
36 | 151 872200213 | 0.519796 | 1.024
41 | 179 1327190419 | 0.506807 | 1.104
42 | 181 8479278889 | 0.528258 | 1.075
44 | 193 89400402001 | 0.577596 | 1.101
58 | 271 384810485528569 | 0.559402 | 1.039
63 | 307 2346816388490401 | 0.572087 | 1.087
65 | 313 | 150139363999760521 | 0.597531 | 1.043

Table 7.5: Pseudopowers to base 3
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Lelp | Aoy [ P [EP]
1 2 3 | 0.000000 | 1.454
2 3 71 0.000000 | 1.057
3 5 11 | 0.000000 | 1.017
5] 11 31| 0.173287 | 1.028
81 19 311 | 0.354987 | 0.963
10| 29 961 | 0.353117 | 0.925
11] 31 3931 | 0.548064 | 1.048
17| 59 32761 | 0.429183 | 0.985
19| 67 96721 | 0.481038 | 1.050
201 71 2048071 | 0.594618 | 1.012
221 79 3962941 | 0.570995 | 1.016
241 89 15942061 | 0.551480 | 0.974
34 | 139 1049824801 | 0.543683 | 1.035
42 | 181 537343041691 | 0.592626 | 1.033
43 | 191 6791126548441 | 0.633339 | 1.023
93 | 241 | 28764591571409101 | 0.641573 | 0.977
54 | 251 | 88428973201069961 | 0.672913 | 1.008

Table 7.6: Pseudopowers to base 5
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Lk | o | Pr(p1) o | RY |
1 2 3 | 0.000000 | 1.823
2 3 13 | 0.346574 | 1.095
4 7 43 | 0.173287 | 0.945
8] 19 463 | 0.354987 | 0.967
10 29 4453 | 0.430133 | 0.887
12 | 37 6889 | 0.540968 | 1.087
14 | 43 10837 | 0.607427 | 1.248
171 59 433777 | 0.623500 | 1.059
21| 73 1639597 | 0.553730 | 1.041
23| 83 2026627 | 0.534898 | 1.076
27 |1 103 2767129 | 0.479265 | 1.103
28 | 107 45401119 | 0.461515 | 0.929
30 | 113 540936733 | 0.549194 | 0.987
33 | 137 2502103171 | 0.541029 | 0.983
34 | 139 7329561037 | 0.545639 | 0.967
42 | 181 147395795779 | 0.565830 | 1.058
43 | 191 2125965901123 | 0.622464 | 1.063
44 | 193 91729981475959 | 0.656347 | 1.003
46 | 199 258884537383081 | 0.657982 | 1.014
54 | 251 5016296353717489 | 0.631706 | 1.039
57 1269 24275674347323869 | 0.597865 | 0.996
60 | 281 | 1546083343852656253 | 0.635691 | 0.993
61 | 283 | 1761176025342168541 | 0.636649 | 1.007

Table 7.7: Pseudopowers to base 7
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7.5 Two-Dimensional Sieving Problems

In Section 5.2.3 we described the multi-variable sieving capability of the MSSU. In the
following, we describe how this capability was used to tackle a problem which has long

been the domain of some of the world’s fastest digital computers.

7.5.1 Sums of Three Cubes

It is of some interest to determine those integers d which can be represented as the sum
of three integer cubes

B+ +=4d (7.9)

Very little is known about the solutions of (7.9), except for a small number of d values.
Since any integer cube is = £1, 0 (mod 9), it is well known that d # +4 (mod 9).
However, this is the only local solvability condition which has been deduced for d. Of
course, for d = 0, it has long been known that there are no solutions, other than the

trivial solutions where zyz = 0.

This is a longstanding problem which has been the subject of many computer searches.
In 1955, at the suggestion of L.J. Mordell, whose primary interest was the case d = 3,
Miller and Woollett [MW55] used the EDSAC computer to search for solutions of (7.9)
for 0 < |d| < 100 and maz(|z|,|y|,|2|) < 3200. The result was a table of all solutions
over this range. Solutions were identified as primitive if z, y and z possessed no common

factors (i.e. (z,,2) = 1), and derived if (z,y, 2) > 1.

Later, in 1964, S. Chowla’s interest, again in the case d = 3, prompted Gardiner,
Lazarus and Stein [GLS64] to employ an IBM STRETCH computer to extend the search
for solutions for 0 < [d} < 1000, for 0 < z < y < 216 = 65536, 0 < z — z < 216, Like
the earlier search of Miller and Woollett, Gardiner et al. used a logical search approach

whereby solutions are found with increasing z, y and z, with no apparent ordering with



CHAPTER 7. SOME RESULTS ON OTHER PROBLEMS 178

respect to d. Thus for effort not much greater than that of searching for solutions to

d = 3, the entire range 0 < |d| < 1000 was covered.

More recently, Scarowsky and Boyarsky [SB84] have investigated the case d = 3 along
the planes 2+ y+2 = 3m, m € Z for |m| < 50000 finding no new solutions. Heath-Brown,
Lioen and te Riele [HBLtR93] used a Cyber 205 vector supercomputer to investigate the
cases d = 2, 3, 30, 39 and 42, finding a new solution for d = 39. Koyama [Koy91] used
a Cray vector supercomputer to search for |d| < 1000 to the range maz(|z|, |y, |2|) < 22*

finding numerous solutions, including the first known example for d = 75.

It is well known (see [MW55]) that there are an infinite number of solutions for d = 1

and d = 2. For d = 1 an infinitude of solutions are given by the parametric equation
=9t y=-9"+3t, 2=-91+1.

Indeed, Lehmer [Leh56] exhibited an infinite sequence of explicit parametric solutions for

d = 1. For d = 2, an infinitude of solutions are given by
z=624+1, y=—-62+1, z=—6¢%

For d = 3, little is known, other than the existence of the two solutions (1,1,1) and
(4,4,-5). It is not known whether the number of solutions for d = 3 is just 2, a finite

number greater than 2, or an infinite number.

Miller and Woollett [MW55] commented at some length on how the relative difficulty
of computing solutions to various values of d = 9n 4 k may be dependent on the value
of k. Since all cubes are of the form 9\ or 9A + 1, there are 27 combinations of («, 8,7)
for any solution = = 31 + @, y = 3X; + B, and z = 33 + 7. Tabulating the number of

combinations for each of the possible forms of d modulo 9 results in the following table.

l Form I No. of Combinations |

In 7
9nt1 12
9n + 2 6
Int3 2
In+4 0




CHAPTER 7. SOME RESULTS ON OTHER PROBLEMS 179

From this table we would expect d-values of the form 9n+1 to have relatively abundant
solutions, and solutions for d-values of the form 97 + 3 to be relatively scarce. This could
explain why the majority of values of d for which no solutions are known (most notably,

30, 33 and 42) are of the form 9n + 3.

At the present time, there are 5 values of |d| < 100 for which no solutions are known.
These are

30, 33, 42, 52, 74.

From a list provided by Guy in [Guy94, p. 151] combined with more recent results,
we have the following d values for 100 < d < 1000 for which no solutions are known at

present

114,156, 165,195, 290, 318, 366, 390, 420, 444, 452, 462, 501, 530,
534,564, 579, 588, 606,609, 618,627,633, 732,735, 758, 767, 786,

789,795,830, 834, 861,894,903, 906,912, 921,933, 948, 964, 969, 975.

Bremner’s Idea

Bremner [Bre94] observed that for many of the known solutions of the three cubes problem
the sum y + z = m tends to be quite small. He suggested making use of this observation
by searching along the planes y + z = m (m € Z, m # 0). Putting this into (7.9) results

in the following elliptic curve

3mY? = 4X° — (m® - 4d) (7.10)

Y=2y—-m, X = —=z.

Bremner used two filters to restrict the values of m which are tested. To ensure
an integer solution, it is necessary that (7.10) be solvable locally for all primes (p-adic

integer solvability). This restricts the number of possible m-values somewhat; however,



CHAPTER 7. SOME RESULTS ON OTHER PROBLEMS 180

to reduce this list further, Bremner decided to consider only those values of m for which

the Mordell-Weil rank of (7.10) is odd.

Using a DEC 5000 workstation, Bremner used this search technique to search for
solutions to the remaining values of |d| < 1000 for which no solutions were known for
|X| < 107 and |m| < 20,000. His search uncovered a primitive solution for d = 75, with

a corresponding derived solution for d = 600, and another primitive solution for d = 768.

Implementation for MSSU

Bremner’s search is 2-dimensional, in that searching proceeds in both the z and m di-
rections. To perform this search on the MSSU we made use of its multi-variable search
capability as described in Section 5.2.3. 32 m-values were tested in parallel for each sieve,
with sieving along the z direction proceeding at a rate of 1.92 X 108 per second. Each sieve
job was limited to 3 minutes of sieving time, bounding z by |z]| < 3.456 x 10'°. Taking
into account the overhead of filtering, which is very slight for this particular problem, we

can confidently assert that all z values were searched in the range 0 < |z| < 3 x 10%°.

Due to the large number of congruences which need to be specified, problem files
were approximately 300 kilobytes in size. Up to 2 minutes were required by the host
computer system to parse a problem file and download the problem onto the sieve. In
total, approximately 384 different values of m can be tested per hour specifying these

problem parameters.

Since odd Mordell-Weil rank is not a necessary condition for a solution, to ensure that
no solutions were missed over a particular range, we chose to restrict m solely by local
solvability conditions. A large number of m values can be eliminated by making use of a

simple property of our elliptic curve. From (7.10) we have

3mY? = 4X3 — (m® — 4d)
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we see that if p|m, then 423 4+ 4d = 0 (mod p) and
4(z® + d) = 0 (mod p)

2® = —d (mod p)
Thus if there is no z such that 2z = —d (mod p) then pJ m.

We can further restrict our m values by examining admissible residues of m modulo
the prime powers 23 = 8 and 32 = 9. For example, to compute the acceptable m values
for d = 3 we have

z° +y® + 2% = 3 (mod 9)
2 =y®=2% =1 (mod 9)
r=y=z=1, 4, 7(mod9)

Therefore

m=y+z=2, 5, 8(mod?9).

combining these two techniques, a large number of inadmissible values of m can be re-

jected.

From our elliptic curve equation (7.10) it is fairly straightforward to program a routine
to generate admissible residues of X modulo primes p. To ensure that the corresponding
value for Y2 will be positive, we assume that m and X are of the same sign. Thus if
a solution is generated for m < 0 we assume that X represents a negative value. This
leaves a small region which is not covered by our search for small X. This “missing”
region consists of three separate parts. The first region consists of those values for which

m =y + z = 0. In this case, we are looking for solutions to
23 =d.

We tested that no solutions of this type existed for all d-values of interest within the

bounds of our search. The second “missing” region occurs when m > 0 and X < 0. Here,
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our elliptic curve equation (7.10) becomes
3Im|Y? + 4| X + |m]® = 4d,

and a simple program suffices to test all possible combinations of m, X and Y. The final
case we must consider is when m < 0 and X > 0. This, however, results in an impossible

situation since from (7.10) we have
=3|m|Y? = 4|X ] + [m[* + 4/d],

and it is not possible for the left hand side of this equation to ever equal the right hand

side.

There are two possible types of false solutions. Since our sieve only specifies a finite
number of moduli, we can expect some solutions will pass the congruences specified by
our sieve problem, and yet not be valid with respect to some unspecified moduli. Another
type of false solution is what is called a half-integer solution. This occurs when the value
Y= %(Y + m) has a non-integer part of % These solutions can be valuable in that they
can be used to derive a new solution for 2°d by multiplying the values of z, y, and z by 2.
In the search range which we examined, the only half-integer solution of interest would be
for d = 114 which could be used to derive a first known solution ford = 8-114 = 912. An
off-line solution filter was written to identify solutions as being either integer solutions,

half-integer solutions, or false solutions.

Computational Results

MSSU was employed to search for solutions to d = 3, and the 5 cases of d less than 100

for which no solutions are known, namely d = 30, 33, 42, 52, 74, over the range
|m| < 100, 000

|z] < 3 x 101°
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Unfortunately, this failed to uncover any new solutions.

We continued our search for d =
110,114, 156,...

discovering three new solutions.

For d = 110, m = —1619,
z = 109938919,

y = 16540290030,
z = —16540291649.
For d = 435, m = 1211,
z = —981038126,
y = 509795655496,

z = —509795654285.

For d = 478, m = 58111,

z = —4388907,
y = 22050441,
z = —21992330.

183

This eliminated 110, 435, and 478 from the list of values of |d| < 1000 for which no

solutions were known. We note that the unusually small m-value of the solutions for

d = 110 and d = 435 would indicate that Bremner’s observation that m tends to be

small holds even when z, y, and 2z are comparatively large. The large z-values of these

two solutions put them well outside the range of previous searches. For the solution for

d = 478, the m-value of 58111 puts it outside the range of Bremner’s search.
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Since many mathematicians and powerful computers have failed to uncover solutions
for the 5 remaining values of d < 100, there is a certain amount of “glory” attached to
these values. Thus, we made a further attempt to find these solutions by broadening our
search to include all values of m < 400000. This was performed for d = 33 and d = 42,

however no solutions were found.

To give some idea of the sieving times involved, for the case d = 30 which encompasses
17594 admissible values of m for |m| < 100000, approximately 50 hours of sieving was

required using one MSSU.

Due to the massive amount of disk space required by the problem files for each value
of d, the DELETE feature of the host software was used during sieving. This feature
deletes a problem file if sieving completes without finding any solutions or encountering
any error conditions. This allows the sieve operator to enqueue several hundred sieve
jobs, and when sieving completes, only problem files which require the attention of the
operator remain. This frees up what can be several hundred megabytes of disk space (as
occurred for d = 3) and also eliminates the organization nightmare posed by maintaining

several hundred problem files.

7.6 Sums of Four Cubes and Waring’s Problem

The following investigation of representing integers as the sum of integer cubes was per-
formed without the aid of an electronic sieve device, nevertheless we include it here as it
relates to the work in the previous section. Determining those integers which can be ex-
pressed as the sum of 3 positive or negative integer cubes is closely associated to the Easier
Waring’s Problem for cubes. If it were possible to express every integer d3 # +4 (mod 9)
as a sum of 3 cubes then clearly every integer could be expressed as a sum of 4 cubes (the
fourth cube being either 0 or 1). However, as we showed in the previous section, this is

far from being proved or disproved.
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Waring’s Problem is to find the least value of g(k) 2 such that every positive integer
can be expressed as the sum of at most g(k) kth powers of positive integers (see [EN71]).
For cubes it is a longstanding result that no more than 9 cubes are required to represent
every integer [Dic28], and thus g(3) = 9. The so-called Easier Waring’s Problem is that of
determining the least value of v(k), such that every integer (positive or negative) can be
expressed as the sum of v(k) positive or negative kth powers. In 1894, Oltramare [Wri34]
proved that 4 < v(3) < 5. In an attempt to find numerical evidence that »(3) = 5, we
searched for integers which are difficult to represent as the sum of 4 positive or negative
integer cubes (4 cubes for brevity). Instead, we found some numerical evidence to support
that v(3) = 4 by determining that all integers n, where |n| < 2 x 108, can be represented

as the sum of 4 cubes.

Positive and Negative Cubes

A computer search was undertaken to determine those integers d which are difficult to
represent as the sum of 4 cubes. In our algorithm, we first determined all d3 = 23 +43 4 23
for 0 < d3 < 10¢ and maz(|z],|y|,|2]) < 1300 and stored these values of ds, z, y, and =z in
an array. We then determined all values of dy, for 0 < |d4] < 10%, which can be formed
by taking an element from the set d3 and adding or subtracting integer cubes w?, where
0 < w < 100. This program took approximately 20 minutes of CPU time on a DEC
Alpha AXP3300LX workstation. The result of this process was that the only integer d4
between 0 and 10° which could not be represented in this manner was the value 82562.
In an attempt to find further examples of integers difficult to represent as the sum of
4 cubes, we extended the search for 0 < ds,ds < 4 x 10° and maz(|z|, |y],|2]) < 1500
and 0 < w < 150, and this time found two representations for dy = 82562 3 expressed
as the tuples (x, y, z, w): (-1498, 1490, 377, 41) and (350, -331, -163, -130). This

search uncovered no other values of d4 in the range 0 < |d4| < 4 x 10° which could

2This g(k) is not to be confused with the g(k) of the Erdés-Selfridge problem of Section 7.2.

3Later, 8 more unique representations for ds = 82562 were found.
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not be represented as the sum of 4 cubes. As a final test, we ran our algorithm for
0 < da,dg < 107 and maz(|zl,]y],|2]) < 1600 and 0 < w < 215, and again found no
values of dy in this range which could not be represented as a sum of 4 cubes. To ensure
that no errors occurred during our computations, the complete list of representations for
ds = 4 (mod 9), stored as tuples (z,y,z,w), were output to a file and double-checked
on an Alpha workstation using 64-bit signed integer arithmetic. Only those values of
ds = +4 (mod 9) need be verified since it is known that all integers # 44 (mod 9) can
be represented as a sum of 4 cubes [Guy94, PV92].

To further extend this search, another program was written which utilized two sepa-
rate bit arrays to determine those values which can be represented as the sum of 4 cubes.
Initially, both arrays were initialized to 0. In the first array, numbers from 0 to 2 x 108
which could be represented as the sum of 3 cubes were identified by a 1-bit in the array.
These values were determined by running a triple nested loop for maz(|z|, |y}, |2|) < 1600.
The second array was used to store those values which could be represented using 4 cubes
by adding or subtracting values of w? for 0 < |w| < 280. Again, the result of this experi-
ment was that no number ds was found which could not be represented as the sum of 4

cubes (positive or negative) in the range 0 < [dg| < 2 X 108.

We were also able to determine that in the range 0 < dg < 2 x 108, maz(|z|, |y, |2]) <
1439 and 0 < |w| < 250, the only number which could not be represented was 135598172.
In some sense, this number represents the integer most difficult to represent using our
algorithm over this range. As a matter of interest we determined that 135598172 can be
represented in at least two ways, namely (-1204,-1027,1439,-250) and (1061,1031,-1288,-
262).

These computations were implemented using double-precision floating point with ap-
proximately 52 binary bits of precision. Our program took approximately 15 hours of
CPU time on a SPARCstation 10/51 workstation and required 50 megabytes of main

memory. The majority of computation time was spent in indexing the elements of the
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bit array. These results were partially confirmed using 64-bit integer math on an Alpha
AXP3300LX workstation over the interval 0 < dg4 < 108, the maximum possible due to

the memory constraints on the particular Alpha workstation at our disposal.

Because there is heuristic evidence to suggest that it is easier to represent larger
integers as the sum of 4 cubes, some of which we shall present in the following section,
the lack of difficult values of d4 in the range 0 < |d4] < 2 x 108 suggests that either these

difficult values are very rare, or all integers can in fact be represented as a sum of 4 cubes.

After conducting this investigation, we became aware of some earlier work in this area
from a reference in [Rib88b, p. 240,434]. In 1980, F. Romani [Rom82] determined that
all numbers dy in the range 0 < |d4] < 10° can be represented as the sum of 4 positive or
negative cubes. These computations led him to conjecture that four positive or negative

cubes suffice to represent any integer.

Positive Cubes

Although as many as 9 positive cubes are required to represent every integer, and hence
9(3) = 9, Dickson [Dic39] proved that only 23 and 239 require 9 cubes and all other
integers can be represented as the sum of 8 positive cubes. From such work was identified
the quantity G(k), a more fundamental number than g(k), defined to be the the least
positive integer such that all sufficiently large integers can be represented as a sum of at
most G(k) kth powers of positive integers. In other words, G(k) kth powers suffice to
represent all integers greater than some bound b. For the case k = 3, the best known
result is 4 < G(k) < 7 [Rib88b, p. 240]. Clearly, G(k) > 4 since numbers of the form
+4 (mod 9) require at least 4 cubes in their representations. In 1942, Linnik (see [Wat51])
proved that every sufficiently large integer can be expressed as the sum of seven positive

integral cubes, implying G(K) < 7.

A.E. Western [Wes26] made extensive computations with regards to numbers repre-

sentable as the sum of four or five positive cubes and made the following predictions:
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1. the number of numbers not representable as the sum of five cubes is finite, and the

greatest of them is less than 2 x 10°.

2. G(3) = 4, and the greatest number not representable as the sum of 4 cubes lies

between 1012 and 104,

Western based these predictions on extensive computations of whether numbers con-
gruent to 4 (mod 9) up to 810,000 can be represented as a sum of 5 cubes. Using West-
ern’s terminology, we refer to an integer which cannot be represented using five cubes as
a non-five-cube. His computations showed that the ratio, denoted by y, of the number of
non-five-cube numbers congruent to 4 (mod 9) which lie between z — d and = + d to the

total number in the range, which is 2d/9, suggest the empirical formula
loglogy™! & & + Blogz.

Using the method of least squares, Western determined values for o and [ which he then

used to make his predictions.

In 1981, Bohman and Fréberg [BF81] conducted a numerical investigation of Waring’s
problem for cubes using a Univac 1100/80 computer. Their program, written in Fortran
and assembly code, found all numbers representable as the sum of not more than 4 cubes
in selected ranges up to 4 x 10'1. Their basic algorithm selected all possible pairs of cubes
(including zero) such that their sum was in the desired range, and then combined these
pairs to find all numbers representable as the sum of not more than 4 cubes. Bohman

and Fréberg [BF81] conjectured that

All numbers N > M where M = 103 can be expressed as sums of not more

than 4 positive cubes. This is equivalent to G(3) = 4.
They also expressed the desire that these computations be extended in the future, stating:

Our impression is that a sample of 10-100 million numbers close to 1012 or

possibly 2 x 10'? would be desirable.
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Using a very simple C-language program, we were able to examine the representations
of all positive integers up to 343 million. This required two bit-arrays of size 343 million,
occupying the better part of 90 megabytes of main memory. A count of the number
of integers whose representations require m cubes was maintained, denoted by n,,, as
well as the value of the largest such integer requiring m cubes, denoted by b,,. The
results obtained from this search, listed in Table 7.8, are identical to those of Bohman
and Fréberg. Although this by no means constitutes a proof for any integers beyond 343
million, many of the values determined by this search most likely represent the truth for

all integers.

We note that the value of bg = 1290740 agrees very closely with the prediction, made
by Western in 1926, that the last non-five-cube occurs before 2 x 10°. We also point out
that the likelihood of the true value of bg being greater than 3.43 x 108 is very small
indeed. Thus, it is extremely likely that bg = 1290740 is the last example of an integer

Tequiring 6 positive cubes.

[(m] . | bm
9 2 239
8 15 454
7 121 8042
6 3922 1290740
5 | 219189420 | >342999886

Table 7.8: Numbers d requiring m cubes for 0 < d < 3.43 x 108

To extend the numerical investigation of Bohman and Froberg, we examined various
intervals of width 10® starting at 10'°. Our previous algorithm which utilized a triple
loop, followed by the “sprinkling” of a small fourth cube was not suitable because far
too few numbers of magnitude 10'2 were representable in this fashion. This posed a
problem, since four nested loops on z, y, z and w would require a tremendous amount of

computation. To reduce the amount of computation required, we made use of the simple
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fact that by enforcing the ordering = > y > z > w > 0, we can bound the values of z, ¥,
z and w. We now define a lower limit (inclusive) of our search interval denoted [, and an
upper limit (non-inclusive) of our search interval denoted u. The region which we shall

examine will be of size 10%. We see that we can bound the value of z by noting that
ISdi=2’+y°+ 22+ 0’ <w
from which we can bound x from below by
l§$3+w3+x3+a:3

< z?

AN

l
azs.’ll

And from above by

z3§u
z < Ju.

In this manner we restrict the range of our z loop to

\‘*/ggse/a.

Similarly for y, z, and w we can make use of the fact that if [ > z3 then

3l—$3

else

And, if | > 23 4 43 then

else
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And, if I > 23+ 4% + 2 then

\3/l—a73—y3—z3§w_<_z

else

0<w<z

Another optimization made was to test at all times that the current partial sum
2% + y> + 2% + w3) is less than the value of u. If the value of u is exceeded the loop is
y

exited immediately without performing any additional computation.

Combining these techniques, we examined the various regions listed in Table 7.9. As
an indication of the amount of computation required, the region of size 10® starting at
!l = 2x10'2 consumed 1711 minutes of CPU time on a DEC Alpha AXP3300LX computer.
As predicted by Western, and Bohman and Froberg, the non-4-cubes appear to disappear

at around 10'3. The largest non-4-cube we encountered in our search was 160006 1431756.
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| I (lower limit) | count |

1 x 1010
2 x 1010
3 x 1010
4 x 10°
5 x 1010
6 x 1010
7 x 1010
8 x 10°
9 x 1010
1x 1012
2 x 1011
3 x 101!
4 x 1011
5 x 1011
6 x 10!
7 x 1011
8 x 1011
9 x 10!
1 x 1012
1.1 x 1012
1.2 x 1012
1.3 x 102
1.4 x 1012
1.5 x 1012
1.6 x 1012
1.7 x 1012
1.8 x 102
1.9 x 1012
2.0 x 102

201048
82721
46052
29147
19763
14314
10530
8375
6528
5182
1020
302
156
61
41
25

-y
=

OO O O N N W R U] O

Table 7.9: Non-4-cubes in selected ranges of size 108

192



Chapter 8

Conclusion

This chapter discusses the lessons learned from the design and development of the MSSU
system, possible enhancements to MSSU, and a brief discussion of what possible sieve
designs may in the future succeed MSSU. We also discuss some possible applications for

MSSU and future sieves.

8.1 A Summary

In this thesis we have discussed the design and development of the hardware and software
components of a very high speed electronic sieve device, named MSSU. This sieve has
proven to be a valuable tool in the investigation of various significant problems in number
theory. In the introductory chapter we stated that much of the early development of
sieves was motivated by the problem of factoring, but that recent computer algorithms
have made factoring by sieve obsolete. In Chapters 6 and 7 we attempted to present a
large variety of modern-day problems and applications for which sieves are ideally suited.

Many of these problems are intractable on present-day general purpose computers.

The MSSTU is the first sieve to employ parallel computation on a large scale. The soft-

ware system is the first to feature methods for parallelizing a single sieve problem across

193
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multiple sieve units. The design of the hardware and software enable many problems to
achieve nearly full utilization of the underlying 32 parallel sieve units. The overall speed
of the MSSU is at least an order of magnitude greater than any other sieve known to

exist — several orders of magnitude faster than the QASiS sieve.

The use of a dedicated control processor for on-board filtering has resulted in sig-
nificant performance advantages over previous sieves which used non-dedicated hosts for
filtering. Reliability of the hardware and software has resulted in over three years of
trouble-free operation, with many thousands of solutions generated by MSSU being ver-

ified by other sieves and various computer programs.

8.2 Improving the MSSU

As with any device designed for computation, there is inevitably a desire for greater
speed. A number of sieving applications were identified, which, when executed on the
MSSU, were filter-bound and resulted in relatively low canvass rates. One such problem
was the search for A’(14) (see Section 7.1.1), in which the need to perform frequent pseu-
doprime tests on possible prime twins or prime triples slowed down sieving considerably.
The performance of the MSSU control processor is such that approximately 12 (strong)
pseudoprime tests can be performed per second on random 128-bit integers. Clearly,
filter-bound problems would benefit from a significant boost in the performance of the
control processor. Although faster versions of the Motorola MC68332/68331 micropro-
cessors are now available, with enhanced clock rates of 25MHz versus 16.78MHz, a more

significant speed increase is desired.

In the near future, two new products from Motorola may be suitable for upgrading
the MSSU control processor. The first is a line of more powerful processors based on the
CPU32 family of embedded controllers. A number of enhanced products are currently
available, including the MC68349 “Dragon I” microprocessor which features a CPU030
core, with full 32-bit external data paths and a 1-Kbyte instruction cache. As of yet,
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no member of the CPU030 family has been announced featuring the QSPI hi-speed syn-
chronous serial interface, found so essential in the development of the MSSU. Newer
products based on a higher performance, instruction compatible CPU core, similar to the
68040, are planned. A second possibility is a microprocessor from the newer PowerP(C
family of MPC500 embedded control processors. According to Motorola literature, the
MPC500 offers up to ten times the performance of CPU32 processors. Although this
product is very promising, until more powerful PowerPC-based controllers are available
and the PowerPC product line has had time to evolve, it would be premature to re-write

and port SSUMon for the PowerPC architecture.

In retrospect, the decision to implement the control processor software in assembler
was made out of the necessity to “wring out” the last drop of performance from the
CPU32. To this end, SSUMon was very successful. Nevertheless, if the performance
of the control processor were to be significantly increased, the conversion of SSUMon
to a high-level programming language like C should be made. It is our opinion that
the performance benefits of coding in hand-optimized assembler are outweighed by the
disadvantages of non-portability and difficulty of software maintenance. In addition,
should a RISC architecture (such as the PowerPC) be used, the difficulty in writing and
optimizing assembler code would be reason enough to encourage a programmer to employ

a high-level language compiler.

Another possible design improvement in control processor performance could be achieved

by using multiple control processors. One possibility would be to provide one control pro-
cessor for each of the two array boards (16 SSU devices) assigned the task of processing
solutions, and to employ a third to oversee operation of these two and also handle commu-
nication with the host system. Unfortunately, such a scheme would be very complicated

to design and implement, not to mention very difficult to debug.

A number of possible software enhancements would be desirable to improve the flexi-

bility and user-friendliness of the MSSU system. One feature which may be useful some-
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time in the future is a solution counting mode. It is possible that some future application
may require that the number of solutions in a specific range be computed without actually
outputting each solution. This capability has been provided in the SSUMon control soft-
ware, but no such capability has been programmed in the Unix host software. Another
desirable software feature would be automatic assignment of partition congruences when
partitioning a single variable sieve problem. Such a feature could assign the optimal set of
partition congruences to ensure the highest canvass rates. Currently, these congruences

must be assigned manually.

8.3 A Successor to the MSSU

In Chapter 1 we defined the term “hardware sieving rate” as a measure of sieve perfor-
mance. As we saw, the hardware sieving rate is a function of the clock rate (or shift rate)
multiplied by the number of solution taps. Other factors, such as the time to transfer
a trial counter value to an external device, can have an impact on overall system per-
formance. The MSSU design proved to be very successful in reducing the amount of
overhead in transferring the solution values from the trial counter to the filter mechanism
by physically locating a dedicated control processor very near the sieve devices and using
high speed serial communication links. Future sieves may consider even higher speed
links, or perhaps parallel transfer of solution counter values, while opting to retain a
lower speed serial link for non-time-critical operations, such as reading and writing ring

contents.

8.3.1 More Hardware Rings

Another very important factor in the overall performance of a sieve device is the hardware
support of moduli required by the problem. A large number of hardware supported moduli

is extremely desirable. It was found that the rather limited number of rings on the MSSU
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often resulted in sieve problems becoming filter-bound, as the process of filtering numerous
solution candidates resulted in a bottleneck. As we saw for the pseudocubes problem in
Section 7.3, the fast virtual ring capability of MSSU was quite successful in alleviating this
problem. Nevertheless, for these types of problems it is important to eliminate as many
solution candidates as possible by specifying hardware congruences, thereby shifting the
load of rejecting solution candidates from the comparatively slow control processor to the

very fast sieve devices.

For example, consider the problem of computing A’(14) described in Section 7.1. Of
all of the sieve problems discussed in Chapters 6 and 7, this was the most dense, having
a very low canvass rate of approximately 14.5 million per second. If an additional 20
hardware rings corresponding to the primes 127 through 229 were available, then the
number of solution candidates requiring processing by the control processor would be

reduced to approximately 16% of the rate observed on MSSU, since

50
IT 22 = 0.15823.

=31 Pi
This would reduce the number of interrupts handled by the control processor, and the
number of solutions which need to be passed to the virtual ring filter. If an updated virtual
ring filter was provided for the next 16 primes (233 through 317), we would expect to

reduce the number of solution candidates by an additional 60%, as

66 | Jp—
T 222 = g.40451.

1=51 Pi

Assuming the sieve was still filter-bound after these changes, we would expect that re-
ducing the amount of solution candidates by this amount would result in approximately

a 250% increase in the canvass rate.

It was our experience with MSSU that often single-residue optimization was per-
formed on hardware supported moduli, resulting in higher solution rates, and increasing

the processing load on the control processor. For example, consider the pseudosquares
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problem. Here, single residue optimization is performed on the congruences
L, =1 (mod 8)

L, =1 (mod 3),

resulting in the first and second rings of the SSU device(s) being loaded with all admissible
residues. Effectively, the SSU is now acting like a sieve with 28 rings, further reducing
the ability of the sieve hardware to eliminate unwanted solution candidates. In fact
the problem is exacerbated when a 180-chip partitioning is used and the moduli 8, 3,
5, 7, 11 and 13 are “optimized-out”, reducing the useful complement of rings to 24.
Variable-size rings and reconfigurable sieve architectures offer the promise of eliminating
this inefficiency by implementing only those rings which are required by the problem at
hand. Thus, theoretically, on-chip resources, such as flip-flops or RAM, used to implement
rings which are to be optimized-out could be better utilized in implementing a different

ring whose modulus would otherwise not be available.

8.3.2 Greater Parallelism

As we saw in Chapters 6 and 7, extremely high canvass rates were achieved on a number
of problems by partitioning single-variable sieve problems to execute on parallel sieve
devices. As well, the parallel architecture of MSSU was used to implement a multi-variable
sieving capability useful for solving some very difficult diophantine problems. This ability
to exploit parallelism is the major advantage of the MSSU over all other existing sieve
systems. Clearly, employing parallelism on a greater scale, perhaps employing several
hundred sieve chips, is a challenge for future sieve designers. The difficulty of such a design
would be in providing a sufficiently powerful control processor (or multiple PTOCESSOrs)
and a suitable switching network to handle the increased data bandwidth necessary to

accommodate a large number of sieve devices.
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8.3.3 Newer VLSI Technologies

The SSU VLSI sieve devices were designed using gate array technology which is fast
becoming obsolete. The SSU sieve chips were implemented with a 2pum CMOS double-
metal process on a 1 cm? die. Patterson [Pat91, pp. 150-158] utilized 9766 out of a
possible 10013 available gates, with the majority of that circuitry occupied by 1675 D-type
flip-flops used to implement the shift-register rings. Shift-register rings corresponding to

the next 16 primes would have required an additional 2634 flip-flops.

Modern (1995) gate array devices offer much higher densities and speed. Using con-
servative estimates, VLSI sieve devices similar to the SSU could be manufactured using
0.8um CMOS gate arrays with clock rates of approximately 50MHz (versus 24MHz for
SS5U), with 16 solution taps (versus 8 on the S58U), and hardware rings corresponding to
the first 40 to 50 primes. Such a device would have 4 times the hardware sieving rate of

the SSU devices and offer increased flexibility with the added hardware rings.

Custom gate arrays such as the SSU are extremely expensive to fabricate, costing tens
of thousands of dollars in fixed costs in addition to per unit production costs. In large
quantities, these one-time fees can be amortized, resulting in a relatively low unit-cost.
Due to the relatively low number of sieve devices required to implement a new electronic
number sieve, a more economical solution would be the use of one-time programmable
devices. Field Programmable Gate Arrays (FPGAs) offer the advantage of being user-
programmable, at somewhat higher per unit costs than custom gate arrays. Gate densities
of FPGAs, although significantly lower than custom devices, have increased to the point
where design of a single-chip sieve device is now feasible. And whereas custom gate arrays
are fabricated in batches, requiring a commitment to purchase some minimum quantity

of parts, FPGAs can be programmed in any quantity, as needed.

Some Field Programmable Gate Arrays, most notably Xilinx parts, are available which
offer re-programmability. These devices are used in the SPLASH systolic processor used

by Bronson and Buell [BB93] to implement their sieve. In the near future, the densities
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of re-programmable FPGAs will make it feasible to implement a sieve on a single chip.
Theoretically, a number of different hardware configurations could be supported utilizing
this re-programmability feature. For example, one mode could feature n solution taps
with 2r hardware rings for maximum speed on sparse sieves, while another mode could
offer 2n solution taps with only r rings, useful for denser, filter-bound sieves. Another
possibility would be to offer a mode where all the hardware supported moduli are p?, for
primes p. This would be a useful configuration for computing values of the Erdos-Selfridge

function.

~ Conceivably, a single-chip version of the OASiS sieve could be built which would
offer the variable-size ring feature regardless of whether or not it is implemented in re-
programmable logic. Some programmable devices are being manufactured with large
on-board memories, however, a design along the lines of OASiS would ideally require
many smaller blocks of memory in order to implement 16 or so variable-size rings. A
hybrid design employing a single FPGA containing the bulk of the sieve functions with
external RAM devices may also be feasible. The major limitations of this approach
are the requirement for a large number of external input/output pins on the FPGA for
interfacing to multiple RAM devices with wide data paths, and the increased size of the

resulting sieve.

At present the FPGA-based sieves of Bronson and Buell have suffered from a lack of
hardware rings, requiring that an attached workstation process a large number of solution
interrupts and perform virtual ring emulation. This is not computationally burdensome
unless a filter condition is specified, as in the pseudosquares problem. However, the major
limitation with sieves of this type is that they implement a single sieve unit. Unless many
such sieves are operated in parallel, it is unlikely that any single sieve unit will achieve

the canvass rates necessary to surpass the performance of the MSSU.
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8.4 New Applications

The success of the MSSU in computing several new solutions to the sums of three cubes
problem (see Section 7.5.1) demonstrates the power of multi-variable sieving. Applica-
tions of this type are ideally suited to the parallel architecture of the MSSU. As well,
these types of problems parallelize across multiple sieve units, allowing two MSSU sieves
to be deployed on a single problem. It is our belief that this method holds great promise

for solving a number of very difficult diophantine problems.

In addition to extending the search for sums of three cubes for both m > 100000 and
z > 3 x 10'°, it is possible that further analysis, perhaps for specific values of d, may
lead to a focused search along a plane other than m = y + 2. Another variation of this
problem which has received some attention (see [Guy94, p. 151],[LRB69)]) is determining

which integers d can be expressed as

d=a3+19% 425

Another possible application of multi-variable sieving is a problem suggested by

Melvyn J. Knight and analyzed by Bremner, Guy and Nowakowski [BGN93].
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Summary of SSUMon Commands

CK - check

Format: CK* | CK < # >
Parameters: chip #
Outputs: DF | DP

Description: Checks whether the current contents of the rings and counters of
the specified chips are consistent with the initial ring contents. If * is specified, all
enabled chips will be tested. A DF signifies that the counter and ring values indicate
a hardware error has occurred, or the sieve chip(s) were loaded incorrectly. A DP
signifies that the consistency check was successful.

Error Messages:
E-CHECKPOINT DID NOT VERIFY
E~INVALID PARAMETERS
E-NO CHIPS CURRENTLY ENABLED

202
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CN - count

Format: CN* | CN< # >
Parameters: chip #
Outputs: D< 32h >

Description: This command returns the 128-bit trial counter value COUNT. This is
calculated using the COUNTM value and the value of the optimize registers.

Error Messages:
E-INVALID PARAMETERS
E-NO CHIPS CURRENTLY ENABLED

CR - counter read

Format: CR< # >
Parameters: chip #
QOutputs: D< 32h >

Description: Outputs the counter value COUNTM for the specified chip.

Error Messages:
E-INVALID PARAMETERS
E-NO CHIPS CURRENTLY ENABLED

CW - counter write

Format: CWx< 32h > | CW< # >< 32h >
Parameters: chip #, 128-bit COUNTM value
Outputs: none

Description: Write the 128-bit counter value (COUNTM) for the specified chip(s).

Error Messages:
E-INVALID PARAMETERS
E-NO CHIPS CURRENTLY ENABLED
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DU - variable dump

Format: DU< # >
Parameters: chip #
Outputs: a variable dump of sieve information

Description: Performs a variable dump having the following format:

CHIP: 0
H/W CNTR =000000000000 00
CNTROVF =0000000000000000

COUNT =00000000000000000000000000000000
COUNTM  =00000000000000000000000000000000
OPTMUL  =00000001 OPTADD  =00000000
SOLCNT  =00000000 SOLLMT  =00000000
OUTMODE =D PBPARM  =00000000
PREFNM  =PSQR POSTFNM =PSVR

ENABVEC =0000 PIPED =00000000
IRQLSTO =00000000 IRQLST1 =00000000

CHIPSEQ =00000000

Error Messages:
E-INVALID PARAMETERS

204
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EN - enable sieve chips

Format: EN< 8h >
Parameters: 32-bit enable vector
Outputs: none

Description: Enables/disables chips from entering solution mode. The 32-bit en-
able vector contains a binary “1” for each enabled chip, and a “0” for each disabled
chip. The least significant bit corresponds to chip #0.

Error Messages:
E-INVALID PARAMETERS

EX - exit

Format: EX
Parameters: none
Outputs: none

Description: Causes sieve monitor to exit and returns execution to CPU32BUG.

Error Messages:
none

FI - filter specify

Format: FI< name >< name >
Parameters: name of pre-filter, post-filter
Outputs: none

Description: Specifies the filters to be used for filtering solutions.

Error Messages:
E-INVALID PARAMETERS
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GO - go

Format: GO
Parameters: none
Outputs: none

Description: All enabled chips enter solution mode and solutions are displayed as
they are encountered.

Error Messages:
none

HA|! - halt

Format: HA | !
Parameters: none
Outputs: none

Description: Causes sieve to exit solution mode and await further commands.

Error Messages:

none
LO - load
Format: LO
Parameters: none
Outputs: none

Description: Loads the hardware rings and counters of all enabled chips using the
RINGDAT and COUNTM variables.

Error Messages:
E-NO CHIPS CURRENTLY ENABLED
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OM - output mode

Format: OM<H | D | 8>
Parameters: output mode type
Outputs: none

Description: Specifies the output mode which will be used for the output of solu-
tions. Must be one of the following:

D — decimal
H — hexadecimal
S — solution counting mode, no output

Error Messages:
E-INVALID PARAMETERS

OR - read optimize registers

Format: OR< 2h >
Parameters: chip #
Outputs: D< 8h >< 8h > (multiply, add)

Description: Reads the single-residue optimization values for the specified chip.
The multiply value is output first, followed by the add value.

Error Messages:
E-INVALID PARAMETERS
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OW - write optimize registers

Format: OWx< 8h >< 8h > | OW< # >< 8h >< 8h >
Parameters: chip #, multiply value, add value
Outputs: none

Description: Writes the given multiply and add values to the speciﬁed chip.

Error Messages:
E~-INVALID PARAMETERS

PP - problem parameter

Format: PP< 8h >
Parameters: 32-bit signed integer parameter value
Outputs: none

Description: This command allows 32-bits of problem specific data to be specified.

Error Messages:
none

RD - ring dump

Format: RD< # >
Parameters: chip #
Outputs: D< 420h >

Description: This command outputs the contents of the 1675-bit RING buffer of
the specified chip.

Error Messages:
E-INVALID PARAMETERS
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RE - reset

Format: RE
Parameters: none
Outputs: none

Description: This command performs a hardware reset of all sieve chips. All state
variables are reset to their defaults.

Error Messages:
none

RR - ring read

Format: RR< 2h >
Parameters: chip #
Qutputs: D< 420h >

Description: This command outputs the contents of the 1675-bit RINGDAT buffer
of the specified chip.

Error Messages:
E-INVALID PARAMETERS

RW - ring write

Format: RWx< 420h > | RW< # >< 420h >
Parameters: chip #, 1675 bits of ring data
Outputs: none

Description: This command sets the contents of the 1675-bit RINGDAT buffer to
the given value for the specified chip.

Error Messages:
E-INVALID PARAMETERS
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SR - read solution registers

Format: SR< # >
Parameters: chip #
Outputs: D< 8h >< 8h > (SOLCNT,SOLLMT)

Description: This command reads the solution count (SOLCNT) and solution limit
(SOLLMT) values for the specified chip.

Error Messages:
E-INVALID PARAMETERS

ST - return chip status

Format: ST
Parameters: none
Outputs: D< 8h > (ENABVEC)

Description: Displays the 32-bit enable vector value.

Error Messages:
nomne

SW - write solution registers

Format: SWx< 8h >< 8h > | SW< # >< 8h >< 8h >
Parameters: chip #, 32-bit SOLCNT, 32-bit SOLLMT
QOutputs: none

Description: This command sets the contents of the optimize registers for the
specified chip.

Error Messages:
E-INVALID PARAMETERS
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UL - unload

Format: UL
Parameters: none
Outputs: none

Description: This command unloads the contents of the hardware rings and coun-
ters of all enabled chips and updates the values of the RING and COUNTM variables.

Error Messages:
none

VR - virtual ring read

Format: VR< # >
Parameters: chip #
Outputs: D< 882h >

Description: This command outputs the contents of the 3524-bit virtual ring data
of the specified chip.

Error Messages:
E-INVALID PARAMETERS

VW - ring write

Format: VW< 882h > | VW< # >< 882h >
Parameters: chip #, 3524 bits of ring data
Outputs: none

Description: This command sets the contents of the 3524-bit virtual ring data to
the given value for the specified chip.

Error Messages:
E-INVALID PARAMETERS



Appendix B

SSUMon Filter Algorithms

B.1 The Perfect Square Filter — PSQR

The integer square-root of an integer X is the largest positive integer r such that r? < X.

More precisely:

Definition B.1.1 We define the square-root of a positive integer value X to be that
integer value r such that

0<r <X < (r+1)>%

Most software math packages utilize a version of Newton’s method to evaluate square
roots. This technique finds the zero of a function f(z) by starting with an initial approx-
imation and refining that approximation using an iterative process. The iteration used

to find an approximation z;41 of the zero of f(z;) is

f(z;)

Tit1 = Ti — (@)
K

where f'(z;) is the derivative of f(z;). For computing the square root of A, the resulting
iteration is

To = A,
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ziZ—A_l(x.jLA)
2z; 2V g

LTit1 = Tf —
where A is the radicand, and the z; are successive approximations to v/A. Newton’s
method is said to have “quadratic convergence”, meaning that the number of digits of

precision doubles with each iteration [Con65], however this is an asymptotic property and

dependent on the initial approximation used.

Although, Newton’s method is generally considered to be the fastest square root algo-
rithm asymptotically, it has several disadvantages. First, running time of the algorithm
is dependent on the input and the accuracy of the initial approximation. Second, some
stopping condition must be tested after each iteration to determine whether the iteration
has converged to a solution. Most importantly, however, Newton’s method requires a

relatively expensive divide operation per iteration.

Since division is more complex than multiplication, addition or subtraction, it will
run more slowly [PH90, p. A-26]. Even on the most modern of RISC processors, such as
the 64-bit MIPS R10000 processor, the relative costs of an integer add operation versus a
multiply operation are 1:5, while the relative cost of an integer multiply operation versus
a divide are 5:35 [MIP94]. The relative costs of these operations is much higher for so-
called “multi-precise” operations in which operands or return values are in excess of the
hardware supported word-lengths. For example, for the 128-bit integers required by the
SSUMON perfect square filter, the cost of a 128-bit by 64-bit divide operation using a bit-
at-a-time shift and subtract algorithm is of the same order as performing an entire 128-bit
square root operation by more direct means. Other variants of the iterative method can be
used to replace the division operation by three multiplication operations, incurring costs
roughly on the order of a single division operation [PH90, p. A-26]. Others eliminate

multiply or divides altogether at the expense of their corresponding rate of convergence.

Algorithm B.1 32-bil square root algorithm with multiplies
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FUNCTION S¢rt(X) RETURNS Y ;
INPUT X : integer ;
OUTPUT Y : integer ;

zr : integer ;
g2 : integer ;

zr — 0 ;
g2 « 0x8000 ; { hexadecimal constant}

DO
IF ((zr + ¢2) # (zr + ¢2) < z) THEN
zr «— zr+4q2;
q2 — lsr(q2) ;
WHILE (g2 % 0) ;

RETURN (zr) ;

End of Algorithm

The perfect square filter of SSUMon PSQR uses a square root algorithm published by
Peter [Pet90] . It closely resembles the “classical” method of root extraction known in an-
cient times [Smi73, pp. 144-148]. One binary bit of the solution is generated per iteration
using only basic operations: assignment, comparison and branch, addition, subtraction,
and logical (single binary bit) right shifts. We shall denote a single logical right shift of a
variable z using the symbol lsr(z). The pseudocode for a 32-bit version of the algorithm
is presented in Algorithm B.1. Making use of the fact that (a + b)? = (a? + 2ab + b?),
Peter was able to produce an optimized version of this algorithm shown in Algorithm B.2.
It is shown here without proof, however, in the next section we will develop and prove a

very similar algorithm for the fast computation of cube-roots.

!We would like to thank Volker Grupe [Gru94] for bringing this algorithm to our attention.



APPENDIX B. SSUMON FILTER ALGORITHMS 215

Algorithm B.2 32-bit square root algorithm without multiplies

FUNCTION S¢grt(X) RETURNS Y ;
INPUT X : integer ;
OUTPUT Y : integer ;

zr : integer ;
g2 : integer ;

tmp : integer ;

zr — 0;

¢2 «— 0x40000000 ; { hexadecimal constant}
DO

tmp «— xr + q2 ;
IF (tmp < X) THEN

X —X—tmp;
zr — lsr(zr) ;

zr — zr+4q2;

ELSE
zr «— lsr(zr) ;

g2 — lsr(lsr(q2)) ;
WHILE (q2 # 0) ;

RETURN (zr) ;

End of Algorithm

The obvious manner in which this algorithm can be used to implement a perfect square
filter is to first compute the integer square root, square that value, and then compare it
to the original value. If the values are identical, then the number is a perfect square. As
it turns out, it is not necessary to perform the additional computation of squaring since
the value of the local variable z holds the value of X — r2 and it suffices to test if z = 0

to identify whether or not X is a perfect square.
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B.2 The Perfect Cube Filter — PCUB

Similar to the square-root algorithm above, an integer cube-root algorithm exists which
computes one bit of the solution per iteration, and consists of only simple operations.
The cube-toot algorithm is somewhat more complicated than the one used to determine

square-roots.

Before we can proceed any further, we must define precisely what we mean by the

cube-root function:

Definition B.2.1 We define the integer cube-root r of a positive integer value X to
be that value of r such that
0<rP <X <(r+1)%

To introduce and explain the derivation of the algorithm, we shall describe two ver-
sions of the cube-root algorithm. The first contains a number of multiplication operations
but is very simple to prove correct. We shall then perform a sequence of program transfor-
mations to derive an equivalent algorithm using only the simple operations of assignment,
comparison and branch, addition, subtraction and logical right shifts. We shall denote

the logical shift right function by lsr(z).

B.2.1 Description of the Initial Algorithm

Algorithm B.3 is a pseudocode implementation of the cube-root algorithm. It computes
one bit of the solution per iteration. The variable p; acts as a scan-bit, representing the
position of the solution bit currently being tested. The IF statement determines whether
the current bit position represented by the scan-bit should be a “0” or a “1”. The variable
r holds the partial integer root. When the algorithm completes, the variable r will contain

the solution, namely, the integer cube-root of X.
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So that we can discuss the values of a given variable v at various times throughout
the execution of this algorithm, we define the variable 7 which serves no purpose other
than to identify the current iteration of the algorithm. So that we can uniquely identify
the value of any variable at any given iteration of the algorithm, we shall use the symbol
v to denote the value of variable v at iteration 7. To avoid ambiguity, we enforce
a “single-assignment rule” whereby a variable can be assigned a value only once per
iteration. The value of a variable is undefined until an assignment operation has taken
place for that iteration. If we require two operations to be performed on a variable
during an iteration, we can either combine these operations in one assignment statement

or introduce a temporary variable. For example, consider the following code segment:

z—z+1;

z « lsr(x) ;

This can be re-written as:

Pt 1
2@ — lsr(z(-D 4+ 1) ;

1—1i+1;
y(') — x(i_l) -+ 1 ;
@ — lsr(y® + 1) ;

Note, however, that this convention of labeling variables by iteration number does
not change the semantics of the algorithm, but merely allows us to refer to the value of

a variable in a precise manner.
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Algorithm B.3 cube root for arbitrary-size integers with multiply operations

FUNCTION cbrt(X) RETURNS arbitrary_integer ;
INPUT X : arbitrary_integer ;

1 : timestamp ;

r : arbitrary_integer ;

p1 : arbitrary_integer ;
temp : arbitrary_integer ;
z : arbitrary_integer ;

1—10;

70 —0;

pgo)  2([4its(X)/3D) . { highest possible result bit }
e — X,

DO

temp® — (r® + piI) x (r® + p) + (r) 4 p{);
1—14+1;
IF (temp(—Y < 2(-1)) THEN

r@) — o= 4 =D - £ sutput 1-bit }
ELSE

() — rG-1) . { output 0-bit }
ENDIF

;L-(‘) — (E(’:_l) :

pgi) — Isr(pgi_l)) ;

WHILE (p{" # 0) ;
RETURN (r() ;

End of Algorithm

The cube-root algorithm does not enforce a limit on the word-size of the input X.
Since we want to prove that this algorithm will work for arbitrary-size integers, we shall
merely identify all variables as being of type “arbitrary_integer”. For now, we shall assume

that the function bits(Y') simply returns an integer value h such that Y < 2**!, This
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roughly corresponds to the number of bits required to represent the value X. To ensure
that the algorithm tests all possible bit-positions of the solution we initialize the scan-bit
variable to 2([bits(X)/31), Note, the algorithm will work correctly if our initial value for
the scan-bit variable is too large. However, we want the value of bits(X) to be as low as
possible to avoid unnecessary work in our algorithm. When the algorithm is programmed
for fixed-length values of X we shall replace the value of 2(%s(X)/31) by a constant which

is a function of the word-size.
Theorem B.1 Algorithm B.3 correctly computes the integer cube root of X .

Proof: We shall prove that the algorithm is correct using induction on the number of

binary bits of the solution which are output correctly.

For our initial case, we shall prove that Algorithm B.3 outputs the first binary digit
correctly for any integer X. When the algorithm performs the first iteration, we have the

following two cases:

(A.) temp® < X, thus () — 70 4 p;(© (a4 “1” bit is output).

(B.) temp©® > X, thus r(1) — 70 (a “0” bit is output).

Consider case (A.). By contradiction, assume that a 0-bit is output and therefore
() — ¢, Thus the algorithm will generate a solution, 7, whose binary string is of the
form Oy, where y is any arbitrary string of 0’s and 1’s. Since temp(®) < X, we know that
(m (0))3 < X. However, m < (py (O))3 < X, and thus 7 cannot be a valid solution because
it violates the condition that 0 < r®> < X < (r 4 1)° in Definition (B.2.1) and thus our

original assumption must be wrong.

Consider case (B.). By contradiction, assume that a 1-bit is output and therefore
r@ 7 4 p, ). Since temp® = (r 4 p; )’ we must have (rV)* = (temp(®)® >
X and (1'(1))3 > X. However this violates the condition that 73 cannot exceed X in

Definition (B.2.1) and thus our original assumption must be wrong.
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We now assume that the algorithm correctly generate the first m digits of the solution
given by the binary string, z, for any arbitrary value of input X. We now prove that the

algorithm will generate the correct m + 1’th digit.

Recall that temp(™ = (r(m) + pl(m))s. Again, we have two cases:

(A.) temp(™=1) < X, thus 7(™) — p(m=1) 4 p,(m-1) (a “1” bit is output).

(B.) temp(™=1) > X, thus 7™ — 7(m=1) (a “0” bit is output).

Consider case (A.). Since temp(™=1) < X we know that (7‘(7”))3 = (r(m=1) 4 Pl(m_l))B <
X. By contradiction, assume that a 0-bit is output and the remaining bits of the solu-
tion, r, form a string of the form Oy, where y is any arbitrary string of 0’s and 1’s. This
generates a solution of the form z0y. Since, (7"(’"))3 < X we know that for some integer,
g, of the form 210---0, consisting of the prefix z1 followed by a string of binary 0’s,
that 73 < ¢3 < X. This again violates the condition that 0 < 73 < X < (r 4+ 1) of

Definition (B.2.1), and thus our original assumption must be wrong.

We now consider case (B.). By contradiction, assume that a 1-bit is output and 7(™) =
r(m=1) 4 p; (m=1)_ Since temp(m=1) = (r(m-1) 4 ;Dl(m'l))3 > X, we must have (7"(’”))3 > X.
However this violates the condition that 7% cannot exceed X in Definition (B.2.1) and,

once more, our original assumption must be wrong. a

B.2.2 A Sequence of Transformations

We now perform a sequence of transformations on Algorithm B.3 to derive an equiva-
lent algorithm using only the simple operations of assignment, comparison and branch,

addition, subtraction and logical right shifts.

We start by evaluating (r + py )3,

3 3 3 2 2

T = 77 4 + 37 3r .

(r+m) =, ~ P1 p°+3r°p;
2 3 4
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We shall attempt to eliminate the multiplication operations required in computing the

above four terms, in the order shown, beginning with the first term, r°.

Define
tmp(i—l) - 3(7.(1'—-1))2])1(1’—1) + 3,,,(pl(i-—1))2 + (pl(i-l))B.

If the THEN portion of the IF statement is executed,
(r9) = (r79)° 4 tmp),
otherwise, if the ELSE portion of the statement is executed,
(T(i))s — (T(i—l))s_

Since

(rO3 = o,

we have o
1<7

1, THEN taken

where we sum over the iterations 7 for which the THEN portion of our IF statement is
executed. Thus, we see that by decrementing z by the value of tmp each time the THEN
statement is executed that we eliminate the need to recompute the value of (T(i))s. Our

updated pseudocode becomes the following:

DO
tmp® — 3’ p ) + 3rO) (p N 4 (p )
i—1+1;
IF (tmp(-1 < £(-1)) THEN
2 — gG=D) _gmpli-1)
P pli=1) 4 p G=1) .
ENDIF
D — lsr(p 1)
WHILE (p:() # 0) ;
RETURN (r() ;
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Second, we see that we can eliminate the computation of p;® by defining a variable
p3 whose initial value is 23([%%s(X)/31) the cube of the initial value of p1, and which is
shifted right three times every iteration instead of once like p;. We can also use ps as
the test condition for terminating the loop because ps and p; will both equal zero at the

same iteration.

DO
tmp() — 3(r()?py ) 4 306) (p, N2 4 ps )
t—1+4+1;

IF (tmpC-Y < £(-1)) THEN
2@ g(=1) _ympli=1) .
() e p(=1) 4 g G-1)
ENDIF
1@ — Isr(p C-1) ;
p3) — Isr(lsr(Isr(ps 1)) ;
WHILE (p5() #0) ;
RETURN (r®) ;

Third, we shall attempt to eliminate the multiplications in the term 3r(p;)%. First,
define a variable ¢’ which is the sum of the p3 values in the inner loop. The initial value

of t' is #©) = 0.
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DO
tmp® — 3G )2 4 3760 (p )2 4 pa®
ie—i+1;
IF (tmpl=1 < z(-1)) THEN
() — (-1 _gpp-1) .
0 ¢(i=1) 4 pa(i-1) .
r()  p(i=1) 4 p G-1) .
ENDIF
1D —lsr(p -1y ;
p3®) — lsr(lsr(Isr(psG—1))) ;
WHILE (ps() # 0);
RETURN (+®)) ;

If we denote the value of the highest order binary bit of r by the symbol T(0), and the
kth most significant bit by 7(;), and similarly define symbols for the value of variable #,
we have at iteration 1,

r=rormre
and

r— ¢ ! ! N )
Immediately, we note that T() = tii) for all values of 7, thus
t = 7‘(0)007‘(1)007'(2)00 .. -pg(i).

Furthermore, by performing two logic right shifts every iteration, we can “squeeze-out”
these additional pairs of zeroes. Thus we define a variable ¢ such that

t=rorare:-pt,
or equivalently that

t=r(p ")

Note that at the completion of our algorithm that

UORRION
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and thus we can use the value of t as the function return value.

Rewriting our algorithm to reflect this change, we now define a variable ¢ which is the
sum of the p3 values and subjected to two logical right shifts per iteration. To adhere to
our “single-assignment rule”, we split these two operations into two assignment operations
by introducing a temporary variable s. Remember, we must assign the value of s in the

ELSE portion of our IF statement to avoid its value being undefined.

We also note that at any iteration 7, the variable t(0) = () (pl(i))z. Since we require

three times this quantity, we make use of the fact that
s = 41,

and that

This results in the following changes:

DO
tmp®) — 3(r)2p) 4 56) — () 4 ps() .
te—i+4+1,;

IF (tmpC-V < £(i-1)) THEN
&) — g(=1) _ gmpli=1) .
s — 4G=1) 4 pG-1)
() =1 4 p G-1)
ELSE
50— ¢G-1)
ENDIF
t6) — Isr(lsr(s®)) ;
P —lsr(p O-1) 5
p3®) — Isr(lsr(Isr(ps 1)) ;
WHILE (ps() # 0);
RETURN (t®)) ;

Finally, we shall eliminate the computation of 3rp;?, thus eliminating all multiplica-
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tions from our algorithm. We see that if the THEN statement is executed that
(r®)? = (r6=0Y? 4 97 (i=1)p, 6-1) 4 (, (=12,

This yields a recurrence relation for (r(i))z. Since, 7(%) = 0 we have have,

i<j
(r@)? = ) (zr(i)pl(i) + (pl(i))z),
i, THEN taken

Thus,
(rUNp, ) = E (Qr(l)pl(t)pl(J) + (1) pl(J))_
i, THEN taken
If i < 7, we have .
pl(z)
2(i—i)”’

) =

and .
1<

rNpD = 3

i, THEN taken

1 . 2 N3
375 (On 4 (:0)).

This is equivalent to
i<j 1

N2 . . .
i, THEN taken

225

We define a variable 4 which will equal the value of (r(i))2p1(i) at iteration ¢. The

initial value of u(9) = 0. Each iteration, u is incremented by the value of

s 4 py@),

At the end of every iteration we perform a single logical right shift of the contents of u

to account for the shift factor of
1
2(i—1)"

Since we are trying to eliminate the term 3(r(i))2pgi), we define a temporary variable

v = 2u, and thus eliminate multiplication by three, making use of the fact that 3u = v+u.

This is shown in the following;:
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DO
tmp() — u() 4 @) 4 506 — () 4 ()
te—1+4+1;
IF (tmp(-V < z(i-1)) THEN
2@ — (-1 _ pmpi-1)
s — ¢(-1) 4 poG=1)
p() — pli=1) 4 p,G=1) .
p() — yl=1) 4 ¢(G=1) 4 4(i-1) 4 p3Gi-1) .
ELSE
s() — ¢-1) .
o) (-1
ENDIF
1) — Isr(Isr(s(i))) :
uld) — Isr(v(i)) ;
&) —lsr(p 1) 5
p3®) — Isr(Isr(Isr(ps 1)) ;
WHILE (p;¢) # 0);
RETURN (¢®);

At this point we no longer need the variables p; and r, so we eliminate them from our

algorithm. We also notice that we can make a simple optimization by noticing that

s(z) — t(z_l) + ps(l_l),

thus,
v = (=1 4 4(=1) 4 4(-1) 4 pg(i_l) = (=0 4461 4 6,

Permitting us to eliminate one addition operation from our algorithm.



APPENDIX B. SSUMON FILTER ALGORITHMS 227

DO
tmp() — ul) 4 o) 4 &) — 4G 4 p ()
te—i+1;
IF (tmpC-b < £6-1)) THEN
() — g(=1) _gmpli-1)
s — ¢(i=1) 4 p(i-1)
v — (i=1) L 4(-1) 1 5(9) :
ELSE
s() (-1
o) — y(=1) .
ENDIF
@) — Isr(lsr(s®)) ;
ul®) — 1sr(v) ;
ps) — lsr(lsr(Isr(p3G—1))) ;
WHILE (ps( # 0);
RETURN (t®);

At this point we shall abandon our single assignment rule and implement our algorithm
in pseudocode suitable for programming in any programming language. The only other
modifications which we shall make to our algorithm is eliminating the temporary variables
s and u and the timestamp ¢. This will involve rearranging some of our instructions, and
will require multiple assignments to the variable tmp per iteration. We now present the

final version of our algorithm:
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Algorithm B.4 cube root for arbitrary-size integers without multiply operations

228

FUNCTION cbrt(X) RETURNS arbitrary_integer ;
INPUT X : arbitrary.integer ;

ps : arbitrary_integer ;
t . arbitrary_integer ;
tmp : arbitrary_integer ;
v : arbitrary.integer ;

z : arbitrary_integer ;

pgo) — 9@[bits(X)/31) { cube of p; }
t—0;

tmp — 0 ;

ve0;

r—X;

DO

tmp—1t+4v;

t — Isr(Isr(t)) ;

v« lsr(v) ;

tmp —tmp+v—1t+ p3;
IF (tmp < z) THEN

z—z—1imp;
ve—v+t;
t—t+ps;
ve—v+t;

ENDIF
p3 — Isr(Ist(Isr(p3))) ;

WHILE (p3 # 0);
RETURN (t) ;

End of Algorithm

As in the case for perfect squares, it is possible to identify a perfect cube value by

merely examining the value z. The value of the local variable z holds the value of X — r°

and it suffices to test if £ = 0 to identify whether or not X is a perfect cube.

e
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B.3 The Probable-Prime Filter — PBPM

SSUMon provides a probable-prime filter based on the Strong Pseudoprime Test of Pomer-
ance, Selfridge and Wagstaff [PSW80]. The filter will reject most composite numbers and
accept all prime numbers. However, a fairly scarce class of composite values, known as
strong pseudoprimes are accepted as well; hence, the filter is a probable-prime test and
not a true primality test. The actual algorithm used is that described by Bressoud in
[Bre89, pp. 75-78]. The algorithm utilizes fast modular exponentiation. The base 2 was
chosen because it resulted in a slight performance improvement over that of other bases,
due to multiplication by 2 being equivalent to a single left shift. Pomerance, Selfridge
and Wagstaff [PSW80] computed all of the sirong pseudoprimes to base 2, denoted by
spsp(2), less than or equal to 2.5 x 10'°, and counted only 4842. Therefore, we can expect
very few false-primes to pass the PBPM filter. These false-primes can be detected using
an off-line primality test or factoring algorithm implemented in a math package such as

Maple.

A number of different filters are available for specifying certain configurations of
primes. These include: twin-primes X and X + 2 (TWPM), triple-primes X, X + 2 and
X +6 (TRPM), and quad-primes X, X +2, X +6 and X + 8 (QDPM). For specifying solutions

which are twice a prime value, the filter PBP2 is provided.
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